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The solar-wind-driven magnetosphere—ionosphere exhibits a variety of dynamical states including
low-level steady plasma convection, episodic releases of geotail stored plasma energy into the
ionospheric known broadly as substorms, and states of continuous strong unloading. The WINDMI
model[J. P. Smithet al, J. Geophys. Red.05 12 983(2000] is a six-dimensional substorm model

that uses a set of ordinary differential equations to describe the energy flow through the solar
wind—magnetosphere—ionosphere system. This model has six major energy components, with
conservation of energy and charge described by the coupling coefficients. The six-dimensional
model is investigated by introducing reductions to derive a new minimal three-dimensional model
for deterministic chaos. The reduced model is of the class of chaotic equations studied &atlier
Sprott, Am. J. Phys68, 758 (2000]. The bifurcation diagram remains similar, and the limited
prediction time, which is in the range of three to five hours, occurs in the chaotic regime for both
models. Determining all three Lyapunov exponents for the three-dimensional model allows one to
determine the dimension of the chaotic attractor for the system20@L American Institute of
Physics. [DOI: 10.1063/1.1371522

I. INTRODUCTION intrinsic to this model for a certain range of the system pa-
Lameters. Other ranges of parameters may show different de-

The solar-wind-driven magnetosphere—ionosphere is iis in the behavior but thouaht to be similar i wre t
complex driven—damped dynamical system. The system exails In the behavior but are thought to be similar in nature to

hibits a variety of dynamical states that include Iow-levelthosfe ljlssdhhere. For lr?n(;res details on the full range of dy-
steady plasma convection, episodguasiperiodit releases narrllcaé N I?wor jee .s ' tH WINDMI del. In Sec. Il
of geotail stored plasma energy into the ionosphere known N Sec. 1l we describe the Model. In Sec.

broadly as substorms, and states of continuous strong une give the WINDMI state S3 and brlefly discuss the bifur-
loading provisionally identified as magnetic storms. As in Cation properties of the system comparing the physics model

tropospheric weather modeling the lack of predictability canW'th nonlinear filter models. In Sec. IV we derive the re-

arise from(i) errors in the initial values of the input da{@, duced three-dimension48-D) system and give its proper-

chaotic fluctuations in the forcing functions, afiid) internal ties. In Sec. V we compare some properties of the full gnd
chaotic dynamics from nonlinearity and feedback loops ir1reduced systems, and in Sec. VI we present our conclusions.
the deterministic system. Separating the internal chaos fro
the externally driven chaos is a well-known difficult problemrn' THE WINDMI SUBSTORM MODEL
addressed in Ref. 1. In a recent wérke analyze the effect The considerable variety of observational forms in the
of a chaotic solar wind input signal of known fractal dimen- substorm category of events suggests that the appropriate
sion on the internal deterministic chaos of a simple model fobehavior is that of a chaotic system. Within this complex
the nonlinear convection in the magnetosph@amely, the variety of temporal wave forms there is a global spatial co-
three-dimensional Lorenz system of equatjons herence described in Ref. 5 that suggests that the appropriate
Here, in the present work, we take the solar wind asbehavior may be that of a low-dimensional dynamical sys-
regular and typically constant, and we ask about the nature dém. Vassiliadiset al® analyzed the auroral AE time series
the internal deterministic chaos due to the lack of predictabiland concluded that the signal is consistent with a low-
ity. The model used for the magnetosphere is the WINDMIdimensional chaotic system.
model, which is a well-accepted mathematical-physics model Briefly stated, the global spatial coherence emphasized
for the solar-wind-driven magnetospheric—ionospheric sysby Ref. 5 is found in the correlated measurements ff@jn
tem. The properties of the WINDMI model have been develthe ground-based auroral latitude chain of magnetometers
oped in earlier works, with the most recent being Smithwhose wave forms are used to give the classic definition of a
et al® concerning the bifurcation sequences in the systemsubstorm event; an¢?) the satellite measurements of par-
The physics of the model and its relation with earlier modelgticle distributions and electromagnetic fields in the geotail
is given in the review papers of Klimast al* and Baker plasma containing the large cross-tail current l6¢f) that
et al® Here we examine the lack of predictability that is provides confinement of the high-mean plasma press(tie
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plasma. High pressure here means that the volume-averagedmplex series of bifurcations and inverse bifurcations con-
plasma pressurg) is comparable to the lobe field magnetic tained in the WINDMI model.
pressureB?/2uq produced by the large2x 10° A) geotail A valuable property of low-order dynamical models is
current loop. The solar wind voltagé,, driving the system the relative precision with which the Lyapunov exponents
arises from the solar wind—Earth magnetic dipole dynamdor the tangent flows can be calculat®dThe largest
electric field that maps into the geotail plasmas as the poterl-yapunov exponent, designated as LE, determines the rate of
tial V(t) producing theEXB plasma convection. Satellites divergence of neighboring trajectories. For a positive LE the
measure large parallel plasma ion flow velocities, which areeciprocal is then for one-folding of neighboring orbits and
described by the energy varial#gt). The final pair of dy-  sets the limit of predictability. For typical solar wind condi-
namical variables are the parallel field-aligned plasma curtions we will show that the intrinsic time limit is of order
rent, 1,(t), also inferred by satellites frondB, , and the three hours for moderately strong solar wind driving volt-
ionospheric-voltage impring,(t) of the geotail voltag&/(t) ages.
onto the ionosphere. The physics of the model is given in  Determining all three Lyapunov exponents for the mini-
Refs. 7 and 8, where diagrams of the somewhat complicateghal model also allows us to determine the Lyapunov
three-dimensional magnetospheric—ionospheric geometry agimension® of the chaotic attractor for the system Bg
given. The model is called WINDMI for the solar-wind- =2.12. We compare this result with that calculated from the
driven magnetosphere—ionosphere coupled systems. correlation dimension of 2.14 and with that given earlier for
The WINDMI model is a six-dimensiondB-D) physics ~ a very simple analog model made up of asBler chaotic
model that describes quantitatively the distribution of thesolar wind driving a Lorenz magnetosphere—ionosphere
energy flux through the system, through a set of ordinarynodel system in Refs. 12 and 13.
differential equations derived from basic plasma physics A benchmark for modeling the nearly constant solar
properties of the system. There are six major energy compaowind input voltage is the 30 h long passage of a magnetic
nents of the system, with the conservation of energy andloud event on January 14/15, 1988 in which a coherent,
charge described by the coupling coefficients in the nonlinslowly rotating, large(10-20 n7 interplanetary magnetic
ear system of differential equations. A variational derivationfield (IMF) passed over the Earth. The Farrugtaal!* syn-
of the WINDMI model is given in Ref. 8, and the mathemati- opsis of the magnetosphere—ionosphere activity during this
cal properties of the states described by the WINDMI modekvent showed that 22 substorms occurred during the 18 h
are given in Ref. 3. Here we focus on the system described geriod of B,(IMF)<0 during whichV, is substantial. This
S3 in Smithet al.® a state that characterizes many featuregnagnetic cloud event was modeled in Ref. 13, where the
of the substorm dynamics as the solar wind dynamo voltagdpbe inductance was calculated as a function of the IMF
Vg, increases from low to high values. magnetic field. The baseline values of the physics parameter
We will investigate two questions concerning the vectorP were calculated in Refs. 7, 8 with the use of stan-
WINDMI description of the substorm dynamics. First, we dard magnetospheric physics models.
ask whether the six-dimensional energy system can be re-
duced to the minimal order three-dimensional system of a
Qeterministic chaotic §ystem described by ordinary.differen—m_ THE WINDMI STATE S3
tial equations. In particular, we also examine what is lost by
this series of reductions. In making the reduction to a three-  The WINDMI dynamical model of the Earth’s magneto-
dimensional system, the faster-evolving energy componentsphere is a set of six first-order ordinary differential equa-
are taken analytically to be given by their local fixed point ortions whose solutions are chaotic for values of the parameter
“equilibrium” values. In making this replacement, the en- vectorP of interest. Smithet al2 expressed these equations
ergy and charge conserving features of the full ODE systenn dimensionless form as
are lost during rapid transients. The only practical method of
judging how much fidelity is lost by these reductions is by ﬂ
comparing the dynamics of the full and reduced system. dt
While there are differences in the solutions, we show that the dv
minimal three-dimensional system dynamics parallels that of — =p,(1—1,)— b2p1/2_ bV, 2
the full system in many ways. dt
Second, we ask what the minimal model tells us about 4p
the intrinsic limits of predictability in the system. In the pro- at
cess of making the reduction to the three-dimensional system
we isolate the essential nonlinearity in the system. We show  dK, N
that the unloading function in the pressure equation is the W:P V=K, (4)
intrinsic origin of the chaotic dynamics. The other nonlin-
earities, such as that of the increasing ionosphere conductiv- dl;

=a;(Vew=V)+ta(V-Vj), Y

=V2—K{?P{1+tanHd,(1 - 1)]}/2, 3)

ity with the increasing power deposited through the iono- E:aZ(VSW_VHfl(V_Vi)’ ®)
spheric current system, modify the dynamics in ways
consistent with the changes described by Ref. 9. While im-  dVi

9 y S =g111—goVi— gal YAV, (6)

portant, this ionospheric nonlinearity is not the origin of the dt
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FIG. 1. Bifurcation diagram for the full WINDMI model given in EGS. g5 5 | argest Lyapunov exponent for the four-dimensional model given in
(1)—(6). The local maxima and minima found from the cross-tail voltage Eqs.(1)—(4), using Eqs(7) and ().

V(t) are plotted vertically for each fixeds, value on the horizontal axis.
The system goes from a stable fixed poikt(<V,=2.7) to a limit cycle

(2.7<V4,<3.6), though a period doubling sequence of bifurcations to . . L . .

chaos, and then through the inverse bifurcations to a state of steady unIoaBurcatlon sequence begins culr_mnatlng _'n Chf_iOtIC bands.

ing. Then forVg,>5.5 a sequence of inverse bifurcations occurs,
taking the system to a steady state with high-level convec-

. tion.

where the coupled current loop equationgl {) have been

diagonalized. The ten dlmenspnless parameters define a P&/ REDUCTION TO A MINIMAL 3-D DYNAMICAL

rameter vectoP that characterizes the global state of the\opgL

magnetosphere—ionosphere system. General properties of the )

four magnetosphere—ionosphere states S1, S2, S3, S4 are A reduced form of Eqs(1)—(6) results from setting the

discussed in Ref. 3. A system that appears to conforngst two time derivativesin Egs. (5) and (6)] to zero and

closely to the known wave forms of the classic internallySolving forl, andV;, giving

triggered type | substorms is defined by the following param- v, =v +a,(Vv,,~ V)/f;, (7)
eter values:P(S3=[a;=0.247, a,=0.391, b;=10.8, b, o 3 o A
=0.0752,b;=1.06,d,=2200, f,=2.47, g; = 1080, g,=4, l1=03V7/297+02Vi/9:1+(93V/297) (49102

03=3.79]. The dimensionless time scalé=1 for this state 202\ 1/2
corresponds to 20 min. T3V ®)

The system of Eqs(1)—(6) provides a mathematical- The full solution relaxes to these fixed points in im@nlin-
physics prediction system that takes solar wind input dat@ap R,C, time scale of J/g,+gs(l,V,)*?], which for the
and vyields six major energy components of theS3 state is short=10 !, corresponding to a few minutes.
magnetosphere—ionosphere system. A recent Waikrsues ~ Substituting Eqs(7) and(8) into Eqgs.(1)—(4) yields the first
the use of the system as a network for the prediction ofeduced system[.The negative branch of the square root
substorms by optimizing the values Bf over a substorm function in Eq.(8) is not physically accessible.
database. The optimization is carried out by setting the ac- The reduced four-dimensional system obtained by using
ceptable physical range of each parameter and then usingEas. (7) and (8) to eliminate Eqs.(5) and (6) was solved
minimization of the average relative variance of the differ-numerically. The results are very similar to the bifurcation
ence between the prediction and the data. A more direafiagram shown in Fig. 1 for the full system, Eq4)—(6),
method for the construction of prediction filters is to useshown in Fig. 1. Figure 2 shows the largest Lyapunov expo-
local linear ARMA filters®1” or neural network$® These nent for the reduced system plotted versis.
network methods contain many adjustable weights— Negative values of the largest Lyapunov exponents im-
typically more than 100 weights. Thus, they will generally ply stable fixed point solutions, zero values imply limit
produce a lower error in a metric, such as the average relaycles or perhaps toruses, and positive values imply chaos.
tive variance, than the physics models. The nonlinear filterghe attractors in the various regions resemble those for the
require extensive training on a substorm database to derivelll 6-D system. In the chaotic region, the Lyapunov expo-
the value of the weights. Issues such as the origin of th@ent is typically about 0.1, implying a growth time of errors
chaotic behavior from either the solar wind or the internalin the initial conditions of about 3 h. The calculation uses a
nonlinear dynamics, however, cannot be resolved by thes®urth-order Runge—Kutta integrator with a step size of 0.1
nonlinear black box methods. and 200 000 iterations for eadh,, value.

The bifurcation sequence for the S3 state as the solar From numerical experiments, it turns out tlgtcan be
wind voltage increases frorv,=0 to 10 (=200 kV) is  set to zero and the ionospheric voltagetaken equal to the
shown in Fig. 1. Briefly described, at.,=2.6, there is a cross-tail convection voltag¥;=V(t) eliminating Eq.(6)
bifurcation from a stable fixed poiriground state magneto- without destroying the chaos, which gives a plot similar to
spherg to a limit cycle. AtV,~3.6, a period doubling bi- that of Fig. 2. This last reduction eliminatgs, g,, andg;
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from the dynamics, which is a strong reduction that deserves 0.3 L
further investigation in a future work. Furthermore, Ed) - .
can apparently be eliminated as well, givikg= P2V, for L .
which chaos still occurs. Finally, the cross-tail voltagen
Eqg. (3) can be replaced with its equilibrium value W,.
Putting in all these simplifications gives the following 3-D
system:

dl |
Jr=a Ve V), ©)
d_\/:b |_b Pllz—bV (10) -Oi— ! I 1 1 L 1 1 1 ! |
dt 1 2 3t ( a‘)—o Faw 10
dp 2 5/4y s1/2
5r = Vaw P Nad1+tand,(1—1)]}/2. (12) I
A further simplification results from replacing the dimen-
sionless pressurB in Eq. (11) with its equilibrium value, e o
P=(b;/b,—b3V,/b,)2. Now define new variables, 2 iil
x=d;(1-1), 12 Dy
y=a;d;(V—Vg), (13 1
z=a;1b,d;PY?—a,d;(b;—d3Vsy), (14
in terms of which the 3-D system above can be written as
O 1 L 1 /l_ Il Il 1 1]
d_X = (15) (b)O Vow 10
ac
0
dy a |
azclx—b3y—z, (16)
dz r I
gt G2 ¢Cs tanh(x), 17 3 § -
where Fsw | 4
C1=2a1b,, - | F
¢2= 103Dy~ V) ¥V /)2 i "\\ ‘sz‘ :
—a;b2d,V2,/2(b;—bsVy,), 50— N Al
(c) 0 Faw 10
and

. 302 12 FIG. 3. Dynamical features of the fully reduced three-dimensional system of
C3= Zaldl(bl_ bsvsw) (sz/bz) . equations(9)—(11). A comparison with Fig. 2 shows that the transitions
o ) o between orbit types is well preserved in the minimal moda).Largest
The condition thabsV,<b, is that there be a finite part of Lyapunov exponentLE) as a function of the solar wind dynamo voltage.

the cross-tail current driven by the magnetohydrodynamigb) Lyapunov dimensiorD, of the system(c) Bifurcation diagram con-
(MHD) pressure gradier]'tx B= Vp condition at the point structed from the turning points of(t)«I(t)—1. as a function oV, .
where | hits the critical current,. Here c3>c,>0, and

a;,bq,bs are positive for the physical regimes.

The system has thus been reduced to one with six terms, - There should be little doubt that the hyperbolic tangent
four parameters, and a single nonlinearity. To verify that th§s the important nonlinearity in producing the chaos. The 3-D
approximations are reasonable, the largest Lyapunov eXPQystem has a fixed point at = —tanh (c,/cy), y* =0, z*
nent for this system is plotted versus, in Fig. 3(@). Figure  —¢ y* with eigenvalues. that satisfy
3(b) shows the Lyapunov dimensioB,, and Fig. 3c)
shows the bifurcation diagram for the reduced system. The )3+ bg\2+ cl)\+cg—c§/cg=0.
dimension of the attractor in the chaotic regime is only
slightly greater than 2.0 and is consistent with calculations oA Hopf bifurcation occurs at1b3=c3—c§/c3, followed by
the correlation dimensiofnot shown. a period doubling route to chaos.
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FIG. 5. Characterization of the dynamical behavior of the system as a func-
tion of solar wind driving strength\{(s,) and ionospheric dampingbg).

The extremely complexfractal) boundaries between the different types of
FIG. 4. Relation of currenk(t) (vertica) vs voltagey(t) (horizonta), orbits show the intrinsic limits of predictability of the physical system with
showing the characteristic substorm cycles centered about the critical curmprecise knowledge of the system’s parameter veBtoFor a magnetic
rentl(x=0) and the solar wind driving voltagé,,(y=0). In the growth  cloud encounter with the Earth, the solar wind voltage moves slowly across
phase the current rises clockwise from the lower left to the upper leftthe plane.

reaching the unloading event at the cusp at the upper left center. Then the

rapid expansion phase of the substorm starts, with the trajectory moving

clockwise to the right to th_e maxir_num crossftail voltage. Finally, the s“b‘operational amplifiers and diodes to represent such physical
storm recovery stage begins, taking the trajectory back to the lower left . . .
position to repeat the substorm cycle over with a chaotic relationship beSYStEMS IS given in Ref. 20.
tween the cycles. The orbits cross because this is a projection of the 3-D

phase spacéwith no crossingsonto the 2-D surface. V. COMPARISON OF THE FULL AND REDUCED
SYSTEMS

) ) The internal deterministic chaos of the two models for
For this system, the sum of the Lyapunov exponents ihe chosen reference parameters appears similar from the
—bs. From the calculated value for the largest exponent andpagtic system measures calculated in Sec. Ill. Here we
the fact that_one exponent must be zero, the entire spectru@low how the differences appear in the time series of the
can be obtained for the above parameters Wifh=4.8 as i gependent variables that determine the global energy com-

(0.145, 0, —1.205. The Lyapunov dimension is 2 honents. We start the two systems from the same initial val-
+0.145/1.2052.12, in good agreement with the calculated ;o5 and with the same parameters and show the results in

correlation dimension of 2.14. A phase-space plot of the atrjg 7 for the cross-tail lobe current and the cross-tail con-

tractor projected onto the (vertica)-y (horizonta) plane for  \ection electric field or voltage. The pressure and other vari-

these parameters is shown in Fig. 4. _ ables can be computed readily. We see that the two signals,
The 3-D system in Eq412)—(14) is equivalent to ajerk \ypile similar in shape and having the same number of large

19

form: (three and small(five) events, shift phase with respect to
d3x d?x dx one another. In preparing Fig. 7 we make one time shift to
g TPsgz + gy = ~ €2 Catanhx), (18 bring the first major energy event into phase agreement for

the 6-D and 3-D systems. Subsequently, the signals drift into
for a third-order explicit ordinary differential system with a and out of phase with respect to each other. The second
scalar variable. This is a special case of a damped harmonigajor substorm event occurs first in the 6-D modelt at
oscillator driven by a nonlinear memory term, whose solu-=37 and afterward at=38 in the 3-D model. This shift of
tions have been studied and are known to be chaotic. Th&t=1 corresponds to about 20 min for typical
period of the dominant frequency of oscillation isr®1”  magnetosphere—ionosphere parameters. From Fig. 7 this is
=3.85, corresponding to a real time of about 1 h. In @§),
t can be rescaled byi’? to eliminate one of the four coeffi-
cients. The dynamical behavior is thus determined by only ’—\/WV\—‘ - tanh{x}
three parameters. The regions of various dynamical behav- 1 .y g
iors are plotted in thé&;—V,,, plane in Fig. 5, with the other WW——]
parameters, as listed above.

This reduced systenil8) could be implemented elec-
tronically since a saturating operational amplifier produces a
good approximation to the tant)(function, although the be-
havior is somewhat sensitive to the exact nature of the non-

”nearity- A_CirCUit for a_nal()g S_O|Utions of the 3'D_ sys_tem_is FIG. 6. Analog electric circuit computer that obeys the reduced third ordi-
shown in Fig. 6. More information on the use of circuits with nary differential equation system for the reduced WINDMI model.

I P
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FIG. 8. The time between upper threshold crossings, at X, =1 oss/ | crit
=0.9988, for a reduced 3-D system and for a 6-D system.

of the recurrence times for the case of constant solar wind
driving.
Probability distributions for the convection electric field

0.9941 and the mean plasma pressure at the time of crossing
show non-normal distributions. The distributions are skewed
toward large events with an exponential-like decay rather
than a Gaussian decay for large events. Thus, the models
predict an excess of large substorm events over that which
098 e 478 48 481 482 483 484 would be obtained for adding Gaussian noise to the system.
(b) v This is one signature of the internal storage and release
FIG. 7. (a) Time series comparison of a reduced 3-D system with a full 6-D mechanism contained in these models used to describe the
system for state S3. Time series are shifted once in time to a point whersubstorm dynamics. Large MHD simulations with constant
(V.1) of the 3-D system has the same value 0fl() as the 6-D system at  gplar input drivings also show the storage and release mecha-

the first, large substorm & 10. Th_e time un_it is roughly 20 min for typical nism operating in the solar-wind-driven magnetosphere.
M-I parameters(b) A phase portrait comparison o¥/(l) for a reduced 3-D

system with a full 6-D system for state S3.

0.092! f

0.99r

VI. CONCLUSIONS AND DISCUSSION

Starting from the  six-dimensional nightside
magnetosphere—ionosphere WINDMI model with ten dimen-
comparable to the full width at half-maximum of the sub- sionless physics parameters, we eliminate the fast-evolving
storm event time. For the full run of=80 (approximately 27  fields to derive a new minimal 3-D model of the wind-driven
h) there are three strong events and five moderate strengthagnetosphere—ionosphere system. Comparisons of the bi-
events. The strengths of the moderate level events are corfurcation properties and the nature of the attractors shows the
parable between the two substorm models: the timing opreservation of the essential features of the full model. Both
three of the five agree within five minutes or so, while two models make a complex transition from stable fixed points to
events have a substantial timing difference. Thus, there ishaos and back to a high-level fixed point, with the complex
broad agreement between the predictions of the two systembkpundary shown in detail with a two-parameter subspace
but the arrival times of the energetic events contains a largehown in Fig. 5. In the chaotic regime of parameter space
uncertainty. This uncertainty in arrival times suggests thathere is an intrinsic limit to the prediction time, found to be
we look at the probability distributions of the substorm re-in the range of 3-5 h for the wind-driven Earth
currence times for a long run with many large events. magnetosphere—ionosphere system. Viewed as a space
In Fig. 8 we show the probability distributions of the weather problem, other effects that limit the predictability of
time between similar energetic events, as calculated fronthe system arise from uncertainties in initial data, possible
taking a surface of section plot for=x.. We run the two errors in the physical parameters, and the external stochas-
systems for long time$10° dimensionless time stepsnd ticity of the solar wind.
record the time intervals between the crossing of the surface Including the external stochasticity does not change the
of the threshold set by the surface of section. Figure 8 showsharacter until a threshold is reached, where the excursions
the resulting distributions of these time intervals. The recurinduced in the cross-tail convection field become comparable
rence time distributions are seen to be exponential to a goo the oscillations of the field from the substorm cydes.
approximation: the difference in timing shows up here as aVhen the external stochastic driver is dominant then the sta-
difference in the mean time for the substorm recurrence ratdistics of the magnetosphere—ionosphere fields will be essen-
Both models predict a Poissdor exponentigl distribution  tially the same as those for the external drive. Thus, for nor-
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