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A recent paper obtained a class of exact one-dimensional solutions of the Vlasov–Poisson equations
for a one-component plasma in a parabolic electrostatic potential well. Here it is shown that a
significant class of these solutions has already been studied and shown to be chaotic. ©2002
American Institute of Physics.@DOI: 10.1063/1.1498837#
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In a recent paper, Yu, Chen, and Stenflo1 obtained a class
of exact one-dimensional solutions of the Vlasov–Pois
equations describing a one-component plasma in a para
electrostatic potential well. In particular, the electric field
any time is given byE5E0(t)x so that the plasma density
given byA05E01n0 , wheren0 is the constant backgroun
ion density. The Vlasov–Poisson system is then reduced
actly to an infinite set of coupled ordinary nonlinear diffe
ential equations of the form

dAm

dt
2mE0Am211~m11!Am1150. ~1!

The Am’s essentially specify the velocity moments of th
distribution function.

The authors then introduce various closure schem
such asA450.03A0 , and show that bounded chaotic sol
tions exist for all the other moments forsuitableinitial con-
ditions. As they themselves state, these solutions were fo
by a trial-and-error search in which the initial conditions
Am were varied.

This note points out that this search procedure has
ready been carried out for a significant class of solutio
which can result from a particular closure procedure app
to Eq. ~1!.

If one introduces the closure condition that

A35 f ~A0 , A1 , A2!, ~2!

where as yetf is an arbitrary function, then the dynamic
reduce to a single third-order equation of ‘‘jerk’’ form,2,3

namely

d3A0

dt3
5~5n026A0!

dA0

dt
26 f ~3!

with
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A152
dA0

dt
~4!

and

A25
1

2

d2A0

dt2
1

1

2
~A02n0!A0 . ~5!

If one now limits f (A) to be a polynomial of a mos
quadratic nonlinearity, then following from numerical wor
by Sprott,4 Eichhorn, Linz, and Ha¨nggi5 identified seven dis-
tinct forms for f (A) that lead to chaotic dynamics. For ex
ample, the choice

A3[ f ~A!52 1
6 @2k1A21~5n027A0!A1

1~k1n02k1A01k2!A01k3# ~6!

leads to the equation

d3A0

dt3
5k1

d2A0

dt2
1A0

dA0

dt
1k2A01k3 , ~7!

wherek1 , k2 , andk3 are arbitrary parameters with chaot
solutions for values such ask1521.8, k2522, and k3

521. Equation~7! is an example of theJD1 model classi-
fied by Eichhornet al.

More recently, Sprott and Linz6 have identified a numbe
of jerk equations giving chaotic solutions in which the no
linearity is not necessarily polynomial. These systems are
the form

d3A0

dt3
1a

d2A0

dt2
1

dA0

dt
5g~A0!, ~8!

where g(A0) is nonlinear but not necessarily quadratic
A0 . Equation~8! corresponds to the closure condition
3 © 2002 American Institute of Physics
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A3[ f ~A!5 1
3 aA22 1

6 @~5n026A011!A1

1a~A02n0!A01g#. ~9!

For example, the case

g~A0!5
1

c
$12b@11tanh~cA0!#% ~10!

turned up in a model of the interaction of the solar wind w
the magnetosphere~Hortonet al.7! with chaotic solutions for
a50.6, b513, andc arbitrary.
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