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Abstract The 3-D quadratic diffeomorphism is defined
as a map with a constant Jacobian. A few such examples
are well known. In this paper, all possible forms of the
3-D quadratic diffeomorphisms are determined. Some
numerical results are also given and discussed.
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1 Introduction

The most general 3-D quadratic map is given by
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bo+b1x+boy+bsz+bax? +bsy?+bgz2+brry+bgrz+boyz
co+clx+czy+cgz+04a:2 +C5y2+caz2+07:cy+csxz+cgyz

1)
where (ai, b, ¢i)gcico € R3Y are the bifurcation param-
eters. Polynomial maps of the form (1) are part of the
models of storage ring elements in the “thin lens” ap-
proximation [21]. In this case the one-turn map is diffi-

(ao +arz+asy+azztasrtasy>+ag z2+a7my+ast+a9y2)

cult to evaluate with both speed and accuracy, because
a modern storage ring consists of 103 to 10* elements.
The occurrence of hyperchaotic and wild-hyperbolic at-
tractors in some 3-D quadratic maps of the form (1)
[3, 5, 7-11] makes them useful in potential applications
[4, 6]. If the map (1) has constant Jacobian, then it
is a 3-D quadratic diffeomorphism. Some possible gen-
eralizations of the 2-D Hénon map were introduced in
[7-11]. Note that the attractors obtained from these se-
lected generalizations are very similar to the Lorenz and
Shimizu-Morioka attractors [1, 2]. Some forms of 3-D
quadratic diffeomorphisms are important because they
have some relation to Lorenz attractors [1-3, 7], to the
study of unfolding 2-D maps to maps of higher dimen-
sion, and to the study of homoclinic phenomena in dy-
namical systems [8, 9], among others.

However, some forms of the 3-D quadratic diffeomor-
phisms are well known [3-5, 7-11], especially those with
a quadratic inverse, where it was shown in Ref. [8] that
any 3-D quadratic diffeomorphism with a quadratic in-
verse and constant Jacobian can be written in a normal
form. However, this result does not give any informa-
tion about the shapes of this type of map. Therefore,
in this paper we investigate all the possible forms of the
3-D quadratic diffeomorphisms, especially, those without
quadratic inverse, i.e., with an inverse of higher degree.
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The method of analysis is the rigorous computation of
the Jacobian of the map (1), and hence we determine suf-
ficient conditions for the 3-D quadratic diffeomorphisms
in the sense that their Jacobian is a constant and con-
tains at least one quadratic nonlinearity. Some of the
simplest possible cases are presented here and discussed.
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2 Sufficient conditions for the 3-D quadratic
diffeomorphisms

In this section, we will find sufficient conditions for the
3-D quadratic diffeomorphisms. Indeed, the Jacobian
matrix of the map (1) is given by

a1 + 2a4x + ayy + agz  as + 2as5y + arx + a9z as + asx + 2a6z + agy

J(z,y) = b1 + 2byx + bry + bgz
c1 + 2c4x + cry + cgz
The determinant of the Jacobian matrix (2) of the map
(1) is given by
det J (z,y,2) =1 + &1 (2,9, 2) + D2 (2,9, 2)
+ &5 (2,9, 2) (3)
where
Dy (z,y,2) =& + Ly + &2 + Laxy + &az
+é6yz + Erwyz + g
By (x,y, 2) =&y + &102> + En1a® + Er12y°
+6132° + (€14 + &1s) ya? (4)
B3 (z,y,2) = &is5y’x + (€16 + &19) 22° + L7’
+&202Y% + €212%Y

and
b1 =125, & =120, &= -2
b =120, &= —Z100i, &6 = —i250
br = =212, &s = 12300, &0 = —iZ3a
€10 =130, &1 = —20ss, E12 = 239 (5)
&13 = =210, 14 = —dPa1, &5 = 2iT050;
&6 = dhaa, Eir = =205, &5 = —24ar
E10 = 2ug,  Ea0 = —21=301s,  En = 22200
where

1 =a1bacg — arbzca — azbics + azc1bz + by
—agcy — agbacy
1o = 2asbscy — 2asbscs — 2asbacy + 2a3c0by
+2bsaygcy — 2a4b3co
3 =a1bacg —aibscr —aycabg+aicsbr —azbicy
+azci1bg + brazer
g =brcaag —bicgar —asci1by —bacrag+cibzar
5 =2a1c3bs — 2a1bscs + 2brazcs — 2biascs
—2a3c1bs + 2c¢1bsas (6)
e = a1bacog —aicabg —asbico+azcibg+asbscr

—azcsbr + bicaag

b2 + 2b5y + b7$ + ng
co + 2¢c5y + crx + coz

b3 + bgx + 2b62z + boy (2)
c3 + csx + 2c62 + coy

\
Y7 = —agbacr+azcaby —baciag+baczar —bzcaar

1Pg =2a1cobg — 2a1bace + 2a2b1c6 — 2a5¢1bg
—2bycoag + 2bsciag

g = a1bzcg —aicgbg —asbzcs +azc3bg —braszcy
+bicsag

10 = azc1bg —azcobg —baczag —c1bzag +bscaag +asbacs

11 =4agbscs — dagbscy — 4agsbscs + dayscsbs
+4bsascy — 4asbycs

1o =2a1bscs — 2a1¢5bg — 2brascs + 2bicsas
+2cias5bg — 2c1bsasg

P13 = —2asbscg + 2a9c4bg + 2bsa4cy — 2bscqag
—2a4c9bg + 2c2bgag

Y14 =a1brcg — aicrbg — azbrcg + azbger — biarcy
+brager + baarcs

15 = —baagcr +c1a7bg —c1brag —caarbs +caasbr

P16 = 4dagbsce — dascybg — 4bsayscg + 4bragey
+4ayc2bg — 4deabyag (7)

P17 =2a1bgcr — 2a1brcg — 2brager + 2brarcg
+2c1agby — 2c1a7bg

P18 = —2asbsco + 2a3c4bg + 2a4b3cy — 2a4c3bg
+2bscsag — 2bzcaag

Y19 =a1bscog — arbgcs — bragcy + brages + azbres
—asbscr

a0 = c1asbg — cra9bs — bzarcs + bgager + czarbs

—czaghy

o1 =4arbges — daibsce + 4biasce — 4biages
—4crasbg

g =4craghs — 2asbger + 2asbrcg + 2bsager
—2bsarcg

thag = —2c2a6b7 + 2asc3bg — baagcg + c3brag

hoa = 2¢oa7bg + 2a3bscs — 2ascsbg — 2bsascs
+2bscsasg
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a5 = —2c3bsas + azbgcog — azbgcs — azbrcg
+azcrbg

g =baagcs + bzarcg — bzager + coagby — caagbs
—c3arby

o7 =4daysbgcs — daqbscg + 4asbycg — dascabg
—4bgagcs + dagbscy

Yag =arbgco — arbgcg — agbrcg + agerbg + brages
—agbgcr

hag = 2a9c4bg — 2a2bycs + 2azbscy — 2azcaby
+2bsagcg — 2bocyag

P30 = —2a4bscr — 2a4c2bg 4+ 2a4c3b7 + 2bscqar

+262 b4a8 - 2b403a7

P31 =a1brcg — arbger — brazcs + brager + crarby

—cla8b7

P39 =2a1¢5b9 —2a1b5c9 +2b1a5c9 — 2b1c5a9 +2a3b5C7

133 = —2azcsby — 2c1asbg + 2¢1bsa9 — 2bzascry
+2bsarcs + 2ascsbr

Y34 = —2c3bsar + asbrcg — azcrbg — baazcy
+boagcer + coarbg — cobrag

35 =2a1c6bg — 2a1bgcy + 2asbgcs — 2azcebs
+2biagcg — 2b1cgag

P36 = —2bsagcs + 2bsagce — 2c1agbg + 2¢1bgag
+2coa6bgs — 2cobgas

Y37 =agbsco — agbgcs — bzagco + bzages + czagbg
—c3agbg

3s = asbgcr — agbres + byarcg — byager — caarbs
+cqagbr

39 =ascrbg — asbrco + bsazco — bsager — azcsbg
+cs5brag

thao = agbgcs — agbsco + bgasco — bgagces — asceby

+cgagbg

P41 = ascsbg — agbscg + asbycg — ascabs — bacsag
+bscqag

a2 =2a4b5¢c9 — 2a4¢5b9 — 2asbscg + 2a5c4bg
+2bscsag — 2bscqag

a3 = —asbrcs + asbscr + bsarcs — bsasgcer
—arcsbg + csaghby

Yaq = asbrce — asbscr + baager — byarce — agcabr
+caarbe

Va5 =2a4bgco — 2asc6bg — 2bsagcy + 2baceag
+2agcabg — 2c4bgag

Y46 = agbrcg — agbgcy — arbgcs + arcebg + bgagcy

(9)
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—a8b706 (10)
a7 =ascrbg — asbrcyg + baazcg — byager — caarby
+ecabrag

P48 = asbgcg — asbgcy + biagcg — byages — caagby
+caa9bg

a9 = 2a5b7ce — 2asbger + 2agbscr — 2agcsb7
—2bsarcg + 2arbgcs

50 =asbsco — asbgcs — bsagco + bsages + csagbg
—csagbs

P51 = 2asbgcg — 2ascebs — 2agbscs + 2agcsbsg
+2bsagce — 2bgcsas

Y52 =agbrcg —agerbg —arbeeg +arceby +bgager —bresag

Hence the map (1) is a 3-D quadratic diffeomorphism

if and only if

Y1 #0

@y (z,y,2)=0 (11)
Dy (2,y,2) =0

@3 (z,y,2) =0

for all (z,y,z) € R3. This is possible if & = 0,i =
1,---,21, ie.,

1/13' (aiv bivci)lgigg =0, Jj= 2,-+-,52 (12)

Because det J (z,y,z) is a polynomial function, the
only possible case for a non-vanishing constant determi-
nant is when (11) and (12) hold. We define the following
subsets of R?7 :

= {(ai7 bi» Ci)lgigg €R27 : 'l/)l ((ai7 biv Ci)1<i<g> #0}

2 ={(@5,b1, €)1 i R0 (01, b1y €3)1.ci9 ) =0}

.52
(13)

j=2--

Thus if there are vectors (ai,bi,ci)lgigg € R?7 such
=52

that (ai,bi,ci>1<i<9 #* (0,07---70), ie., ﬂ Qj #+ g,
j=1

then det J (z,y, ) is a non-zero constant for all (x,y, z) €
R3. However, the system of equations (13) can be rewrit-

ten as
U1 ((aiabi7ci)1<i<9) #0 (14)
AC =0

where A = A((ai,bi,ci)lgigg) is a 51 x 9 matrix,

C = (¢j)1¢jco 18 @ 9 x 1 vector of unknowns, and O is
the null vector of R%!. The classical method of Fontené-
Rouché can be used to solve this system of equations by
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introducing the so-called principal determinant. How-
ever, this is very hard to do theoretically since it is dif-
ficult to determine the set of principal unknowns.

Thus, we have proved the following theorems:

Theorem 1 The map (1) is a 3-D quadratic diffeo-

j=52

morphism if and only if 2 = Jﬂ 0, #+ 2.

Theorem 2 The set 2 = () {2 contains at least

=1

one 3-D quadratic diﬁeomorphz'sjm.

Proof The well known generalized Hénon map given
in Ref. [5] satisfies all the above conditions. W

Note that the existence of an inverse is guaranteed by
the so called real Jacobian conjecture introduced by O.T.
Keller in 1939 [13, 14], and also the upper bound for the
degree of the inverse of a quadratic map on R™ is known
to be 271 [14], in our case the upper bound is 4. On
the other hand, it was shown in Ref. [8] that any 3-D
quadratic diffeomorphism with a quadratic inverse and
constant Jacobian can be written in the following form:

g(x,y,2)
y
- z

do+d1$—|—d2y+d32+d5y2—|—d622—|—d9y2

(15)

where d; are the bifurcation parameters.

Therefore, we classify all the 3-D quadratic diffeomor-
phisms into two classes: those with a quadratic inverse,
and those with no quadratic inverse, where we deter-
mine exactly all the possible forms of these two families.
Indeed, as a test of the previous analysis, and for the
sake of simplicity and without loss of generality, we can
assume that

ao;éO,al:ag:O
bo=b1=b2=0

16
Cop = C2 = C3 = 0 ( )
&1 # 07a2 # 07b3 # 0

Then one has the following conditions:
a5—0, a7:07 CLg:O, b6:07 ngO
—c1b
by =0, c1=0, = —12  cg=0
b3

a4b9 = 07 a4Cr = 07 ayCog = O, a4b7cﬁ =0
a8b5:0, agcs :O, CLgb7ZO, CLgCg:O, agbgzo
a6b7 = 07 a6b9 = 07 a6b409 =0 (17)
CGbg = 0, 66b4 =0
cla6b5 + 02b706 = O, b409 =0

agbsce + baages = 0
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Clbg + b3b709 =0

Therefore, one of the possible forms of the 3-D
quadratic diffeomorphisms is given by

ap + agy + a4x2 + a6z2 —+ agxrz
b3z +byx? +b5y* +brry+boyz

c1b
ar+ ey’ — %IZJ + coyz
3

f(@,y,z)= (18)

with the conditions (16) and (17). More analysis on the
conditions (17) show the existence of more than 71 cases.
Some of them are listed below, especially those with one
and two nonlinearities. On the other hand, we say that
the maps f and g given respectively by (15) and (18) are
affinely conjugate if there exists an affine transformation
h such that

goh(z,y,2) =ho f(x,y,2), forall (r,y,2) € R?
(19)

As a result if the map (18) is affinely conjugate to
the map (15), then the map (18) has quadratic inverse.
We use this remark to characterize the 3-D quadratic
diffeomorphisms without quadratic inverse. Indeed, the
transformation h is defined by

hir hiz his x S1
h(z,y)=| ha1 haa hos y |+] s2 | (20)
hs1 hsa  hss z 3
with the condition of invertibility given by

d= (haghs3 — hash3a) hi1+(haihes — ha1hss) hio

+ (ha1hsa — haohs) hiz # 0 (21)
Such affine transformation h exists if and only if

i=30
E=()E+#2 (22)
i=0
where
Ey : d = —3ascibzhi1highiz + a3bsh, + c1b3hi,
+azcihiy # 0

Ey :s1 = 53 —aph11 — apc1has
FEs : s = s3 —agcrhis
Fs:agh1y =0
FE4:a6h11 =0
Bs : aghis = 0 (23)
FEg :agh13 =0
E7 : has = aghyy

Eg : hoy = c1hy3
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Eg : hog = bzhi2

Eqo : hga = crazhs

Eqy : hsy = c1bgha

En : haz = bzashyy

Eq3 : bohia + cohiz =0

Ev4 :aghyy +bghia =0

E5 : bshi2 +cshiz =0

E6 : brhia — Z—lbghw =0
3

Eq7 2 asbghyy + bscghia = 0
E1g 1 azbshiy + bscshia =0
Eqg : asbrhir — c1bghia =0
Eo : agbshi1 + craghiz =0

Ey :(G+¢=0

Ess : bgh11 — brhiz + badohi1hia + 2dshi1his
+ 2¢1bsdghi2h13 + Cldgh%g =0

Es3 1 —craghia + asbsdohiihia + a3bsdgh?,
¥ bydsh2, = 0

Eoy @ —agbzhia — asbshiz + c1bzdghiahis
+ e1b2dehy + crdshly = 0

Eos : —bgcshii — cibshis + ascidohiihas
+ agdsh3, + agc%d(;hfg =0

Ex:(3+@G=0

Eo7 : 2dshishis — aghiz + aadghiihis
+ 2asbsdghi1hio + bgdgh%Q =0

Ex:(s+¢=0

Ey :(r+&=0

E30:Co+Co=0

where

G =—bscgh11 — c1bghiz + 2b3d5h11h12

G2 =2azc1bsdghi1hiz + c1bsdghiahis
+agbzdgh?,

C3=do+ (d1 +da + d3 — 1)s3 — agc1bshia
—agdyh11 — c1ao(2ds + dg)hi3ss

Ca=—cra0(dy + d2)h1s + (ds + dg + do)s3
+adcidshis

(s =dih11 + crdahiz — azcibzhin + c1bsdszhaz
+c1(2ds + dg)hi3zss

Co =bsc1(2ds + dg)h12ss — aocibsdohizhas

2 2
—2aocld5h13

(24)

(25)

(7 =—apazcidghis + (azcrds — 2apazcidshiy
+53(2a2¢1dg + agcidg))his

(s =d1h12 + aadah11 — azcibzhiz
+s3(2a2dshi1 + azdghiy)

(26)
Co =agbsdshi1 + bsdahia + (di — asc1bs)has
+b3(2d5 + dg)hi2s3
Cro =bsaz(2dg + do)h1153 — 2apc1bsdshizhis
—aopazcibsdohiihys
Thus the transformation h takes the form:
hi1 hi2 his x
h (%y) = crhiz azhi1 bshia
cibshiz  ciashiz  bzazhiy z
s3 — aph11 — apc1his
+ s3 —agcihis
” (27)
=30 _
We remark that If ((ai,bi,ci)ogigg) c kb = U E;
i=0

where E is the compliment of E, then maps (15) and
(18) are not affinely conjugate. For example if ag # 0 or
ag # 0, i.e. (ai,bi,ci)ogigg € E; U E, then one has
that h11 = 0 and h13 = O, then if b4 ;é 0 or b5 ;é 0 or
b7 # 0, or bg #£ 0, or ¢5 # 0 or ¢g # 0, then his = 0, then
the transformation h is not invertible. Thus, a char-
acterization of 3-D quadratic diffeomorphisms without

quadratic inverse is given in the following Theorem:

_ i=30 _
Theorem 3 If ((ai,bi,ci)ogigg) e F= | E,
i=0

then the map (18) has no quadratic inverse.

On the other hand, and regarding the conditions (17),
it is important to note that the 3-D quadratic diffeo-
morphism can be written with several nonlinearities, for
example all maps with one nonlinearity are given by

ap + asy + a4x2
f(.’L',y7Z) = b3Z (28>
C1x

ap + asy + a6z2
f(.’L',y7Z) = bSZ (29>

1T

ap + agy + agrz
flay,2) = bsz (30)
1T



116

f(x,y,z) =

f (x7y7z) =

f (‘/E’y?'z) =

f (‘/E’y?'z) =

f(x,y,z) =
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aop + azy
ng + b4$2

11X

ap + azy
ng + b5y2

1T

ap + a2y
b3z + brxy
T
ao + a2y
b3z

ar+csy?

ao + a2y
b3Z

(31)

(32)

c1x + 06z2

ao + a2y
f(zy,2) = bsz (36)

C1T + Coyz

After some tedious calculations, we have proved the
following theorem:

Theorem 4 Any 3-D quadratic diffeomorphism of
the family (18) with one nonlinearity has a quadratic in-
verse.

Therefore, the dynamics of all the cases from (28) to
(36) are conjugate to the dynamics of the map (15). On
the other hand, all the 3-D quadratic diffeomorphisms
with two nonlinearities are given by

ap + asy + a4x2 + a6z2
f(.’L',y7Z) = sz (37>

1T

ap + asy + a4x2 + agxrz
flzy,2) = bsz (38)
CcC1x

ap + asy + a4x2

f (.’L’, Y, Z) = bSZ + b4'rz (39>
cC1x
ap + asy + a4x2
fz,y,2) = bsz + bsy? (40)
1T

f(x,y,z) =

f(x,y,z) =

f(x,y,z) =

f (‘/E’y?'z) =

f (‘/E’y?'z) =

f (‘/E’y?'z) =

f (‘/E’y?'z) =

f(x,y,z) =

f(x,y,z) =

f(x,y,z) =

f 2,y 2) =

f (‘/E’y?'z) =

f (‘/E’y?'z) =

China, 2009, /(1)

ag + agy + asx?
bsz + brxy

cC1x

ap + asy + a4x2
b3Z

ax + csy?

ap + asy + a4x2
b3Z

c1x + 06z2
ap + asy + a4x2
b3Z

C1T + Coyz

ap + asy + a6z2 + agxz
b3z + byx?

1T

ap + asy + a6z2

bgz + b4$2
1T

ap + asy + a6z2

bgz
a1z + csy?

ap + asy + a622

bgz

c1x + cﬁz2

ap + asy + a622
b3Z

C1T + Coyz

ap + agy + agrz
b3z + byx?

1T

ap + agy + agrz
b3Z

c1x + 06z2

ao + azy

bsz + byx? + bsy?

1T

ao + a2y

b3z + byx? + brzy

1T

(48)

(49)

(50)
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ap + agy
f(x,y,2) = | bsz+ bya?

a1z + csy?

ao + azy
b3z + bsy? + brxy

C1x

f(x,y,z) =

ap + azy
bgz + b5y2

a1z + csy?

f (x7y7z) =

ap + azy
ng + b5y2

c1x + 06z2

f(z,y,2) = (57)

ao + azy
b3z + b5/!/2

C1T + Coyz

f (‘/E’y?'z) =

ap + agy

[y, z) = | bsz+ bray

ar+ csy?

g(u,t,s) =

—a%b5 2a0b5u t

117
aop + agy
flay,2) = bsz (60)
c1x + C5y2 + 06z2
ao + a2y
flay,z) = b3z (61)

c1xr + C5y2 + coyz

Some tedious calculations show that the maps (37) to
(39), (48), (52), (53), (55), (56), (60), and (61) belongs
to the map (15) (up to the affine conjugacy). Hence one
has the following theorem:

Theorem 5 The 8-D quadratic diffeomorphisms
given by (37) to (39), (48), (52), (53), (55), (56), (60),
and (61) are conjugate to the map (15).

While the remaining maps have no quadratic inverse
i=30

because the set £ = [ E; = &, and hence the following
i=0

1=

theorem is proved:

Theorem 6 The 3-D quadratic diffeomorphisms
given by (40) to (47) and by (49) to (51), (54), and (57)
to (59) have higher degree inverse.

For example the inverse of the map (40) is given by:

(62)

s
C1
—ap u —a4s2
—+ —+ 5
ag ag azcy
bsu?  2agasbss® 2a4bss’u aib5s4
a3bs a3c?bs aZc?by;  aicibs

a§b3 a§b3 b3
An example of a 3-D quadratic diffeomorphism with
three nonlinearities is given by:

ap + asy + a4x2 + a6z2 + agxz

f(x,y,z): b3z (63)

11X

and it has a quadratic inverse and thus is conjugate to
the map (15). Also, an example of those with four non-
linearities is given by:

ap + a2y + a622

f(xvyvz) = b3Z (64)

c1x + C5y2 + 06z2 + coyz

and it has no quadratic inverse, and so on- - -.

Now we restrict our attention to all the possible cases
of the 3-D quadratic diffeomorphisms with one nonlin-
earity with their sufficient conditions, and for each map
we give several examples showing the structure of the pa-

rameter space for the particular map with selected val-
ues of the vectors (ai7bi7ci)0<i<9 € R3Y, where regions
of unbounded behavior are in white, fixed points in gray,
periodic orbits in blue, quasi-periodic orbits in green, and
chaotic orbits in red. In this case we use |LE| < 0.0001
as the criterion for quasi-periodic orbits with 10° itera-
tions for each point. The choice of one nonlinearity is
robust due to the simplicity of the resulting maps. The
case with several nonlinearities can be studied using the
same logic and the conditions (14). For the class of one
nonlinearity, we have 5 different cases:
The first case is given by

ap +a1x + axy + azz + a4x2

bo + b1z + bay + b3z
co + c1x + coy + c32

fzy,2)=
(65)
b362 — b263 =0

01 (@i, bis i) iy ) #0
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The simplest case of the map (65) is

1+ asz + aqz?
f(2,y,2) = z
Y

(66)

as

— 27

1 ' ' ' ' 1
ay

Fig. 1 Regions of dynamical behaviors in the asasz-plane for the
map (66).

This is the well known hyperchaotic generalized Hénon
map studied in Ref. [5], and its chaotic attractor is very
similar to the famous 2-D Hénon map as shown in Fig.
5(a). A generalization of Eq. (66) is studied in Ref. [12]
where there are regions with multiple coexisting attrac-
tors. We plan to study this property for 3-D diffeomor-
phisms in a forthcoming paper. Another simple case of
the map (65) is given by

1+a1z+a2y—x2

flay,z) = x (67)
Y
or equivalently
Y
[y, 2) = z (68)

1—|—a1:r—|—a2y—22

and it is studied in Ref. [7] where the attractor in this
case is very similar to the Lorenz attractor with a lacuna
from the Shimizu-Morioka system [1, 2], and it is shown
in Fig. 5(b).

The second case is given by

ap + a1 + a2y + asz + azy?
bo + b1z + bay + b3z

Co + 1o + CY + €32

f(zy,2)=
(69)
Clbg — b163 =0

Y1 ((aiabiyci)1<i<9> #0

C. SPROTT, Front. Phys. China, 2009, 4(1)

The simplest case of the map (69) is given by

ag+ arx +aszz + a5y2
f(x,y,2) = T
Y

This case is also introduced in Ref. [7]. The map (70) is
the inverse of a special case of the map (68), and so its
attractors are repellers of map (68), and it was shown in
Ref. [7] that its attractors are quite different from the
attractors of map (68).

The other forms of simple 3-D quadratic diffeomor-
phisms are given by

(70)

ap +a1x + a2y + azz + a622
f(x,y,2) = bo + b1z + bay + b3z
Cco + c1x + coy + c32 (71)
b201 - b102 =0
1/}1 ((ai7 bia Ci)lgigg) 7é 0
ap + a1 + a2y + azz + arxry
f(x,y,2) = bo + b1z + bay + bz
Cco + 1T + coy + c3z
Clbg - b103 =0 (72)
bgCg — b263 =0
1 ((ai7 bi, Ci)1<i<9> 7é 0
ap +a1x + a2y + azz + agyz
f(x,y,2) = bo + b1z + bay + b3z
Co + C1T + CoY + C32
(73)
b201 — blcg =0
Clbg - b103 =0
1/}1 ((ai7 bia Ci)lgigg) 7é 0

The full dynamics of some simple cases of the maps

4

Gy s

—4
-3

ay

Fig. 2 Regions of dynamical behaviors in the ajaz-plane for the
map (74).
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» L | |
-3 2 -3 2

az a

Fig. 3 Regions of dynamical behaviors in the aza7-plane for the Fig. 4 Regions of dynamical behaviors in the ajag-plane for the
map (75). map (76).
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Fig. 5 (a) Chaotic attractor obtained from the map (66) with as = —1.6, a3 = 0.1; (b) Chaotic attractor obtained from the map (68)
with a1 = 0.7, az = 0.85; (c) Chaotic attractor obtained from the map (74) with a1 = 0.4, a2 = —0.4; (d) Chaotic attractor obtained
from the map (75) with ag = —1, a7 = —1.8; (e) Chaotic attractor obtained from the map (76) with a1 = 0.5, ag = —0.83.
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1+ a1z + agy — 22

f(@,9,2) = v (74)

Y

1+ a2 + agyz

f(@,9,2) = v (75)

Y

14 asz + arxy

[l y,2) = x (76)

Y

are shown in Figs. 2, 3, and 4, respectively. Some cor-
responding chaotic attractors are also depicted in Fig.
5(c)—(e).

Note that these cases are characterized by a typical
quasi-periodic route to chaos, contrary to the situation
for the maps given in (66) and (68) [5-7]. This confirms
that the maps (66) and (68) are not topologically equiv-
alent to the maps (74), (75), and (76).

3 Applications in physics

Several researchers have defined and studied quadratic
3-D chaotic systems. The first was Lorenz [17] in 1963,
where he proposed a simple three linked nonlinear differ-
ential equations with complex behavior as a model of a
weather system showing rates of change in temperature
and wind speed. The behavior of this system was sensi-
tively dependent on the initial conditions of the model,
therefore, the prediction of a future state of the system
was impossible. Using computer simulation, Ruelle in
1979 show that the first fractal shape identified took the
form of a butterfly (the butterfly effect). This justified
the usual case where weather prognostication is involved
and notoriously wrong (butterfly in the Amazon might,
in principle, ultimately alter the weather in Kansas).
Recently, chaos has been very useful in many tech-
nological disciplines such as in information and com-
puter sciences, power systems protection, biomedical sys-
tems analysis, flow dynamics and liquid mixing, encryp-
As a
new application of chaos theory the example given in
Ref. [20] where the adaptive synchronization with un-
known parameters is discussed for a unified chaotic sys-
tem by using the Lyapunov method and the adaptive
control approach. Some communication schemes, includ-
ing chaotic masking, chaotic modulation, and chaotic
shift key strategies, are then proposed based on the mod-
ified adaptive method. In these schemes the transmitted

tion and communications, and so on [18-20].

Zeraoulia ELHADJ and J. C. SPROTT, Front. Phys. China, 2009, 4(1)

signal is masked by chaotic signal or modulated into the
system, which effectively blurs the constructed return
map and can resist this return map attack. The driving
system with unknown parameters and functions is al-
most completely unknown to the attackers, so it is more
secure to apply this method into the communication.

A symplectic map is a diffeomorphism that preserves
the area, i.e. the determinant of its Jacobian matrix is
one. In the actual work, the 3-D quadratic diffeomor-
phism is a symplectic map if and only if

P =1

On the other hand, Poincaré sections, especially re-
turn maps provide tools for the location and stability
of resonances and periodic orbits and the existence or
nonexistence of invariant tori on the behavior of con-

(77)

tinuous time systems, such as the Lorenz system which
is the best close example connected with physics, the
Chen system, Lu system and generalized Lorenz system
[18]. It is well known that any periodic (autonomous)
Hamiltonian system of degrees of freedom generates a
2n-dimensional symplectic map by following the flow for
one period (parametrized by the value of the Hamilto-
nian, by considering the first return to a surface of sec-
tion). Twist maps corresponding to Hamiltonians have
the following properties [7-11]:

(1) They are for where the velocity is a monotonic
function of the canonical momentum.

(2) They have a Lagrangian variational formulation.

(3) One-parameter families of twist maps typically ex-
hibit all possible types of dynamics, and the properties
of the minimizing orbits (the periodic and quasiperiodic
orbits) can be found throughout these transitions from
simple or integrable motion to complex or chaotic mo-
tion. The minimizing orbits are used in the theory of
transport that deals with the motion of ensembles of tra-
jectories.

In a virtual viewpoint, every model of physical phe-
nomena is a dynamical system. Almost all fundamental
models of physics are Hamiltonian dynamical systems
which gives rise to symplectic mappings. For example,
the mapping defined by a Hamiltonian flow taking an
initial condition to a state some finite time later is a
symplectic map. These mappings are included in the
study of chemical reactions, or magnetic plasma confine-
ment, especially in magnetic field line mapping, guiding
center motion, and plasma wave heating. They are also
in charged-particle motion in particle accelerators [15],
where a charged particle (either have a positive, negative
or no charge) is a particle with an electric charge. It may
be either a subatomic particle or an ion. A plasma or the
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fourth state of matter is a collection of charged particles,
or even a gas containing a proportion of charged parti-
cles. The simplest accelerator is the cyclotron which con-
sists of a constant magnetic field and a time-dependent
voltage drop across a narrow azimuthal gap. The mo-
tion of a fluid particle in an incompressible fluid is also
Hamiltonian [16].

As an application in the electronic engineering of the
3-D quadratic diffeomorphism given by (15), the follow-
ing example given in Ref. [6] where a discrete-compo-
nent electronic implementation of a discrete-time hyper-
chaotic generalized Hénon map of the form:

21 (k+1) =1.76 — 23(k) — 0.1z3(k)
xg (k+ 1) = zo(k)

(78)

with the initial conditions x; (0)=1, 22 (0)=0.1, 23 (0)=
0, the map (78) exhibits a hyperchaotic attractor.

Using analog states, the corresponding circuit designs
are relatively simple and uses commonly available parts
and is readily constructed. Also, experimental results
show that the circuit is functional.

4 Conclusion

In this paper all possible forms of the 3-D quadratic dif-
feomorphisms are determined. Some numerical results
are also given and discussed.
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