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A sim p lifi e d L o re n z syste m w ith o n e b ifurcatio n p aram e te r is in v e stig ate d b y a d e taile d th e o re ti-
cal an alysis as w e ll as d yn am ic sim ulatio n , in c lud in g so m e b asic d yn am ical p ro p e rtie s, L yap un o v
e x p o n e n t sp e c tra, frac tal d im e n sio n , b ifurcatio n s an d ro ute s to ch ao s. T h e re sults sh o w th at th is
syste m h as c o m p le x d yn am ic s w ith in te re stin g ch arac te ristic s.
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1. Introduction

In 1963, L o re n z laun ch e d th e m o d e rn e ra o f ch ao s
w h e n h e re p o rte d se n sitiv e d e p e n d e n c e o n in itial
c o n d itio n in a th re e -d im e n sio n al auto n o m o us sys-
te m o f o rd in ary d iff e re n tial e q uatio n s as a sim -
p le m o d e l o f atm o sp h e ric c o n v e c tio n [L o re n z , 1963;
S te w art, 2000]. S ub se q uen tly, h is syste m h as b e e n
e x te n siv e ly stud ie d w ith m an y im p o rtan t re sults
in ch ao tic d yn am ic s, c o n tro l an d syn ch ro n izatio n .
A lth o ug h th e re are o n ly th re e ad justab le p aram e -
te rs in h is syste m , th ey c o m p rise a h ug e p aram e te r
sp ac e th at h as o n ly b e e n p artially ex p lo re d . In 1999,
C h e n c o n structe d a 3-D ch ao tic syste m b y a sim p le
state fe e d b ack to th e se c o n d e q uatio n in th e L o re n z
syste m [C h e n & U e ta, 1999] th at c o m b in e s fea-
ture s o f b o th th e L o re n z attrac to r an d th e R ö ssle r
attrac to r [R ö ssle r, 1976]. S h o rtly th e reafte r, L ü an d
C h e n [2002] in v e stig ate d an o th e r sim ilar syste m b y
re m o v in g th e x te rm an d ch an g in g th e sig n o f th e y
te rm in th e ẏ e q uatio n o f th e L o re n z syste m . D e sp ite
its sim ilar structure to th e L o re n z syste m , th ey are
n o t to p o lo g ically eq uiv ale n t [U e ta & C h e n , 2000]. In

a se n se d e fi n e d b y V an ě č e k an d Č e lik o v sk ý [1996],
th e L o re n z syste m satisfi e s th e c o n d itio n a12a21 > 0,
w h ile th e C h e n syste m satisfi e s a12a21 < 0, an d th e
L ü syste m satisfi e s th e c o n d itio n a12a21 = 0. S o o n
th e reafte r, a so -calle d L o re n z syste m fam ily w as
c o n structe d [L ü et al., 2002] as a co n n e c tio n o f th e
L o re n z , L ü an d C h e n syste m s b y th e v ariatio n o f
a sin g le real p aram e te r. In 2001, usin g o n ly p as-
siv e n o n lin ear d e v ic e s, E lw ak il c o n structe d a m o d -
ifi e d L o re n z syste m w h ich is re p re se n te d b y th re e
e q uatio n s w ith n o m ultip lie rs, b ut it is asym m e t-
rical, an d its p aram e te rs are c o n stan t [E lw ak il &
K e n n e d y, 2001]. R e c e n tly, Q i re p o rte d a n e w sys-
te m b y ad d in g a c ro ss-p ro d uct n o n lin ear te rm to th e
fi rst e q uatio n o f th e L o re n z syste m [Q i et al., 2005].
T h is syste m h as th re e p aram e te rs an d e x h ib its c o m -
p le x d yn am ic s an d structure .

W e re p o rt h e re tw o sim p lifi catio n s o f th e L o re n z
syste m in w h ich th e x an d y te rm s in th e ẏ e q uatio n
are se p arate ly se t to z e ro w h ile re tain in g th e ch ao s
w ith a lin ear traje c to ry th ro ug h p aram e te r sp ac e
th at c o n n e c ts th e se tw o sim p le case s w ith th e c lassic
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L o re n z syste m . It h as th e sam e feature s as th e sys-
te m stud ie d b y L ü et al. [2002], b ut a sim p le r alg e -
b raic fo rm . In p articular, th e ad justab le p aram e te r
o c curs in o n ly tw o o f th e te rm s rath e r th an in fo ur.
T h e p lan o f th e p ap e r is as fo llo w s. In S e c . 2, w e
p re se n t th e sim p lifi e d L o re n z syste m an d its b asic
p ro p e rtie s. In S e c . 3, w e d e sc rib e th e d yn am ic s an d
b ifurcatio n s o f th e syste m . F in ally, w e sum m ariz e
th e re sults an d in d icate future d ire c tio n s.

2 . T h e S im p lifi ed L orenz S y ste m

a nd its B a sic P rop e rtie s

W e c o n sid e r th e L o re n z syste m w ith a sin g le
ad justab le p aram e te r c d e sc rib e d b y



















ẋ = 10(y − x)

ẏ = −xz + (24 − 4c)x + cy

ż = xy − 8z

3

. (1)

H e re , c is th e b ifurcatio n p aram e te r. T h e attrac to r
is sh o w n in F ig . 1 fo r c = 2.

T h e syste m (1) h as th e fo llo w in g feature s:

(i) It is ch ao tic o v e r m o st o f th e ran g e c ∈
[−1.59, 7.75].

(ii) F o r c = −1, it is th e usual L o re n z syste m w ith
th e stan d ard p aram e te rs.

(iii) F o r c = 0, th e v ariab le y is re m o v e d fro m th e
se c o n d e q uatio n .

(iv ) F o r c = 6, th e v ariab le x is re m o v e d fro m th e
se c o n d e q uatio n .

(v ) T h e re is a rich se t o f b ifurcatio n s as c is v arie d
o v e r th e ran g e .

(v i) A c c o rd in g to th e to p o lo g ical d e fi n itio n
b y V an ě č e k an d Č e lik o v sk ý [1996], th e
lin earizatio n o f syste m (1) ab o ut th e o rig in
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F ig. 1. T he chaotic attractor of system (1) for c = 2.

p ro d uce s a 3 × 3 co n stan t m atrix o f p artial
d e riv ativ e s, A = [aij]3×3, in w h ich th e sig n
o f a12a21 d istin g uish e s n o n e q uiv ale n t to p o lo -
g ie s. A c c o rd in g to th is c rite rio n , a12a21 > 0
w h e n c < 6, a12a21 = 0 w h e n c = 6, an d
a12a21 < 0 w h e n c > 6. A lth o ug h syste m (1)
in c lud e s th re e d iff e re n t to p o lo g ie s, n o sp e c ial
b ifurcatio n s w e re o b se rv e d at th e c ritical v alue
o f c = 6. W e th in k th e c o n n e c tio n b e tw e e n
to p o lo g ical structure an d d yn am ic s n e e d s fur-
th e r stud y.

S e v e ral ad d itio n al im p o rtan t p ro p e rtie s o f sys-
te m (1) w ill b e p re se n te d in th e fo llo w in g se c tio n s.

2 .1. Symmetry and invariance

S yste m (1) is sym m e tric an d in v arian t un d e r
th e tran sfo rm atio n (x, y, z) → (−x,−y, z), i.e .
re fl e c tio n ab o ut th e z-ax is. T h is sym m e try p e rsists
fo r all v alues o f th e p aram e te r c ∈ (−∞,∞). A lso ,
th e z-ax is itse lf is an o rb it (an in v arian t m an ifo ld ),
i.e . if x = y = 0 at t = t0 th e n x = y = 0 fo r
all t ≥ t0. F urth e rm o re , th e traje c to ry o n th e z-ax is
te n d s to th e o rig in as t →∞, sin c e fo r such a traje c -
to ry, ẋ = ẏ = 0 an d ż = −8z/3. T h e re fo re , syste m
(1) h as th is sym m e try an d in v arian c e fo r all v alues
o f th e p aram e te r c.

2 .2 . Dissipation and the existence

of attractor

T h e rate o f v o lum e c o n trac tio n is g iv e n b y th e L ie
d e riv ativ e

1

V

d V

d t
=

∑

i

∂φ̇i

∂φi

, i = 1, 2, 3,

φ1 = x, φ2 = y, φ3 = z. (2)

F o r d yn am ical syste m (1), w e o b tain

1

V

d V

d t
=

∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
=

3c− 38

3
= p, (3)

w h ich can b e so lv e d to yie ld

V (t) = V (0)ep t . (4)

F o r c < 38/3, p is n e g ativ e , an d th e d yn am ical
syste m (1) is d issip ativ e w ith so lutio n s fo r t → ∞
th at c o n trac t at an e x p o n e n tial rate p o n to an
attrac to r o f z e ro v o lum e th at m ay b e an e q uilib -
rium p o in t, a lim it cycle , o r a stran g e attrac to r.
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2 .3 . E qu ilibria and stability

T h e e q uilib ria o f syste m (1) can b e fo un d b y so lv -
in g th e th re e e q uatio n s ẋ = ẏ = ż = 0, w h ich
lead to 10(y − x) = 0, −xz + (24 − 4c)x + cy =
0, an d xy − 8z/3 = 0. T h e re are th re e e q uilib -
ria: S0(0, 0, 0), S−(−

√
64− 8c,−

√
64− 8c, 24−3c),

S+(+
√

64− 8c,+
√

64− 8c, 24 − 3c), in w h ich tw o
e q uilib ria, S− an d S+, are sym m e trically p lac e d
w ith re sp e c t to th e z-ax is.

L in eariz in g syste m (1) ab o ut th e e q uilib rium
S0 p ro v id e s an e ig e n v alue λ1 = −8/3 alo n g w ith
th e fo llo w in g ch aracte ristic e q uatio n fo r th e o th e r
tw o e ig e n v alues:

f(λ) = λ2 + (10− c)λ + 30c − 240 = 0. (5)

If c ∈ (8, 10), th e n 10−c > 0 an d 30c−240 > 0,
th us b o th e ig e n v alues o f E q . (5) are n e g ativ e , i.e . th e
o rig in e q uilib rium is a sp iral n o d e . F o r c ∈ (−∞, 8)
o r c ∈ (10,∞), th e so lutio n o f E q . (5) alw ays satis-
fi e s λ2 > 0 > λ3. T h e re fo re , th e e q uilib rium S0 is a
sad d le p o in t in th e th re e -d im e n sio n al state sp ac e .

N e x t, lin eariz in g th e syste m ab o ut th e o th e r
e q uilib rium yie ld s th e fo llo w in g ch arac te ristic e q ua-
tio n :

f(λ) = λ3 +

(

38

3
− c

)

λ2 +

(

272

3
− 32c

3

)

λ

+ 20(64 − 8c). (6)

T h e se tw o e q uilib ria S± h av e th e sam e sta-
b ility ch aracte rizatio n . L e t A = 38/3 − c, B =
272/3−32c/3, C = 20(64−8c). F o r c ∈ (−1.59, 7.75)
o r c ∈ (8,∞), w e h av e A > 0, B > 0, C > 0 an d
A×B < C. T h us E q . (6) d o e s n o t satisfy th e R o uth –
H urw itz rule , an d th e re e x ist a p air o f c o m p le x c o n -
jug ate e ig e n v alues w ith a p o sitiv e real p art. T h e tw o
e q uilib ria S± are sp iral sad d le s. If c ∈ (−∞,−1.59)
o r c ∈ (7.75, 8), th e n A×B > C. T h e re fo re , E q . (6)
satisfi e s th e R o uth – H urw itz rule , an d th us th e real
p art o f b o th c o m p le x ro o ts is n e g ativ e , an d so th e
tw o e q uilib ria S± are sp iral n o d e s. T h e c lassifi catio n
o f e q uilib ria is sh o w n in T ab le 1.

3 . D y na m ica l B e h a v ior of th e S y ste m

3 .1. T he L yapu nov exponent spectru m

A s it is w e ll k n o w n , th e L yap un o v e x p o n e n ts m ea-
sure th e e x p o n e n tial rate s o f d iv e rg e n c e an d c o n -
v e rg e n c e o f n earb y traje c to rie s in state sp ac e , an d
th e L yap un o v e x p o n e n t sp e c trum p ro v id e s ad d i-
tio n al use ful in fo rm atio n ab o ut th e syste m . T h e tw o
larg e st L yap un o v e x p o n e n ts o f th e m are sh o w n in
F ig . 2 [W o lf et al., 1985]. A p o sitiv e an d z e ro L ya-
p un o v e x p o n e n t in d icate s ch ao s, tw o z e ro L yap un o v
e x p o n e n ts in d icate a b ifurcatio n , an d a ze ro an d a
n e g ativ e L yap un o v e x p o n e n t in d icate s p e rio d ic ity
(a lim it cyc le).

N o te th at syste m (1) is ch ao tic o v e r m o st o f
th e ran g e c ∈ (−1.59, 7.75) w ith so m e w in d o w s o f
p e rio d ic ity in th e ran g e c ∈ (3.5, 7.75), such as
W1 = [3.507, 3.509], W2 = [4.581, 4.612], W3 =
[4.6911, 4.722], W4 = [5.122, 5.127], W5 = [5.167,
5.169], W6 = [5.599, 5.600], W7 = [5.7601, 5.770],
W8 = [5.820, 5.830], an d W9 = [6.415, 6.425]. D iff e r-
e n t w in d o w s e x h ib it d iff e re n t p e rio d ic o b its. S o m e
o f th e se p e rio d ic o rb its p ro je c te d o n to th e xz-p lan e
w ith d iff e re n t v alues o f c are sh o w n in F ig . 3. F o r
ap p licatio n to se cure c o m m un icatio n , o n e sh o uld
av o id th e se w in d o w s.

3 .2 . T he K aplan– Y orke dimension

W h e reas th e L yap un o v e x p o n e n t m easure s th e av e r-
ag e p re d ic tab ility o f a d yn am ical syste m , th e d im e n -
sio n o f its attrac to r m easure s its c o m p le x ity. A frac -
tio n al d im e n sio n can b e d e fi n e d as in [K ap lan &
Y o rk e , 2003]

DK Y = D +
1

|λD+1|

D
∑

j= 1

λj. (7)

T h e K ap lan – Y o rk e d im e n sio n o f syste m (1) is
sh o w n in F ig . 4. T h e d im e n sio n o f syste m (1) is
larg e r th an 2 fo r a stran g e attrac to r, an d is 1.0 fo r
a lim it cyc le , an d z e ro fo r a stab le e q uilib rium . T h e
syste m h as n o stab le e q uilib ria o v e r th e ran g e c ∈
(−1.59, 7.75).

T able 1. Classification of eq uilibrium points for diff erent v alues of c.

E q uilibria c Sign of eigenv alues Classification

S0

(8 , 10) −−− spiral node
(−∞, 8 ) & (10,∞) + −− saddle point (Index 1)

S±

(−∞,−1.59) & (7.75, 8 ) −−− spiral node
(−1.59, 7.75) + + − spiral saddle (Index 2)

(8 ,∞) + −− saddle point (Index 1)
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F ig. 2. T he tw o largest L yapunov ex ponents (blue and red, respectiv ely) v ersus c: (a) c ∈ (−2, 8 ), (b) c ∈ (4, 8 ) (T ime step:
0.01, Initial condition: (0, −0.01, 9), Iterations: 8 00 000).
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F ig. 3. Periodic orbits of system (1) projected onto the xz-plane for diff erent v alues of c: (a) c = 3.509, (b) c = 4.590,
(c) c = 4.701, (d) c = 5.124, (e) c = 5.169, (f) c = 5.600, (g) c = 5.770, (h) c = 5.8 28 , (i) c = 6.42.
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F ig. 4. T he K aplan–Y ork e dimension of system (1).

3 .3 . R ou tes to chaos

T h e ran g e o f d yn am ical b e h av io rs is sh o w n b y th e
b ifurcatio n d iag ram in F ig . 5 in w h ich succ e ssiv e
v alues o f xm a x are p lo tte d at each v alue o f c. T h e
b an d structure in d icate s ch ao s, w h ich d isap p ears as
c in c rease s. O n th e o th e r h an d , th e tran sitio n fro m
ch ao s is ap p are n tly d iff e re n t at th e tw o e x tre m e s o f
c. A ll o f th e d yn am ic s are sum m ariz e d in T ab le 2,
an d th e d e taile d an alysis w ill b e p re se n te d in fo l-
lo w in g se c tio n s.

T able 2. R oute to chaos in E q . (1).

c L E D imension D ynamics

(−∞,−1.6499) −−− 0 T ransient chaos
−1.6499 + 0 − > 2 Boundary crisis
(−1.6499,−1.5903) + 0 − 1, >2 M ultiple coex isting attractors, hysteresis
−1.5903 0 0 − Subcritical H opf bifurcation
(−1.5903, 6.44) + 0 − > 2 Chaos (w ith periodic w indow s)
(6.45, 6.79) 0 − − 1 L imit cycles
6.60 0 0 − 1 Pitchfork bifurcation
(6.60, 6.46) 0 0 − 1 L imit cycles
6.46 0 0 − 1 Period-doubling bifurcation
(6.46, 6.8 0) 0 0 − 1 L imit cycles
(6.8 0, 7.054) + 0 − > 2 Chaos
7.054 0 − − H omoclinic bifurcation
(7.054, 7.6792) 0 0 − 1 L imit cycles
7.6792 0 − − 1 T w o L imit circles merging
(7.6792, 7.7567) 0 0 − 1 L imit cycles
7.7567 0 0 − Supercritical H opf bifurcation
(7.7567, 8 ) −−− 0 T w o stable eq uilibria
8 0 − − 0 Pitchfork bifurcation
(8 , 10) −−− 0 O ne stable eq uilibrium
10 0 0 − Subcritical H opf bifurcation
(10,∞) U nbounded orbits

c

x
m

a
x

F ig. 5. T he bifurcation diagram of xm a x v ersus c.

3.3.1. From transient chaos, boundary

crisis, hysteresis and Hopf

bifurcation to chaos

W h e n c in c rease s fro m −∞ to −1.6499, th e re e x ist
tw o stab le e q uilib ria an d an un stab le e q uilib rium in
syste m (1). T h e traje c to ry w an d e rs in th e v ic in ity
o f th e sad d le p o in t at th e o rig in , e x h ib itin g tran -
sie n t ch ao s. F o r e x am p le , th e so lutio n o f (1) fo r
c = −1.8 ex h ib its a tran sie n t ch ao tic b e h av io r as
sh o w n in F ig . 6(a) w h ich sud d e n ly sw itch e s to a
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C h a o tic  o s c illa tio n D e c a y
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F ig. 6. T ransient chaotic behav ior in system (1). (a) T ransient chaos for c = −1.8 0, IC: (10.08 46, 4.6516, 36.5640); (b) D ura-
tion of transient chaos in system (1).

p atte rn o f o sc illatio n th at d e cays to th e e q uilib -
rium x =

√
64− 8c. O n th e av e rag e , ch ao tic b e h av -

io r sw itch e s to d am p e d b e h av io r afte r ab o ut 130
o sc illatio n s. F o r larg e r c < c0 ≈ −1.6499, ch ao tic
b e h av io r p e rsists lo n g e r. S im ilar b e h av io r h as b e e n
re p o rte d fo r th e stan d ard L o re n z syste m [Y o rk e &
Y o rk e , 1979]. B y a n um e rical e x p e rim e n t w ith 400
p o in t av e rag e fo r each v alue o f c, w e fi n d th e scal-
in g fo r th e d uratio n o f th e ch ao tic tran sie n t (τ) as a
fun c tio n o f c as sh o w n in F ig . 6(b ). N o n lin ear re g re s-
sio n o f th e se v e n d ata p o in ts lead s to th e re sult

ln (τ) = −3.5131 ln (c0 − c)− a, (8)

w h e re c0 = −1.6499, a = 0.4084. T h e tran sie n t
ch ao s is e sp e c ially lo n g -liv e d (sup e rp e rsiste n t) w h e n
c is c lo se to c0, an d h as b e e n o b se rv e d in c o up le d
ch ao tic e le c trical o sc illato rs [Z h u et al., 2001].

A t c = −1.6499, th e syste m un d e rg o e s a b o un d -
ary crisis w h e n th e stran g e attrac to r c o llid e s w ith
th e b asin o f attrac tio n se p aratin g it fro m th e tw o
attrac tin g e q uilib rium p o in ts. A fte r th e c risis, th e
stran g e attrac to r c o e x ists w ith th e tw o stab le e q ui-
lib ria fo r c ∈ (−1.6499,−1.5903), an d th e syste m
e x h ib its h yste re sis, in w h ich th e b ifurcatio n o c curs
at d iff e re n t v alues o f th e p aram e te r d e p e n d in g o n
th e d ire c tio n in w h ich it is ch an g e d .

A t c = −1.5903, th e stab le e q uilib ria S±
b e c o m e un stab le sp iral sad d le s w ith in d e x 2 (th e
in d e x is th e d im e n sio n o f th e un stab le m an ifo ld ).
T h e e ig e n v alues, w h ich are a co m p le x c o n jug ate
p air, c ro ss th e im ag in ary ax is, an d th e o sc illatio n
ch an g e s fro m d e cay to g ro w th in a sub c ritical H o p f
b ifurcatio n , leav in g o n ly th e o n e ch ao tic attrac to r.

3.3.2 . From limit cycle, pitchfork and

homoclinic bifurcation to chaos

C o n sid e r n o w th e d yn am ic s w h e n c d e c rease s fro m
+∞. T h e e q uilib rium at th e o rig in h as o n e e ig e n -
v alue o f −2.6667, an d th e o th e r tw o e ig e n v alues
satisfy E q . (5). A c c o rd in g to th e H o p f b ifurcatio n
th e o re m [C asti, 2000], th e re is a H o p f b ifurcatio n at
c = 10. T h e o rig in is g lo b ally stab le fo r c ∈ (8, 10).
A t c = 8, th e o rig in lo se s stab ility b y a sup e rc rit-
ical p itch fo rk b ifurcatio n an d a sym m e tric p air o f
attrac tin g fi x e d p o in ts are b o rn . A t c = 7.7567, th e
e ig e n v alues, w h ich are a co m p le x c o n jug ate p air,
c ro ss th e im ag in ary ax is at a sup e rc ritical H o p f
b ifurcatio n w h e re a p air o f c o e x istin g stab le lim it
cycle s are b o rn . T h e d im e n sio n o f th e attrac to rs
ch an g e s fro m z e ro (a p o in t) to o n e (a clo se d lo o p ),
an d th e fi rst L yap un o v e x p o n e n t is z e ro an d th e
se c o n d L yap un o v e x p o n e n t is n e g ativ e .

F o r c d e c reasin g fro m th is p o in t, th e tw o c o e x -
istin g un stab le lim it cycle s e x p an d as sh o w n in
F ig s. 7(a) an d 7(b ) an d th e n m e rg e at c = 7.6792
as sh o w n in F ig . 7(c). T h e m e rg e d lim it cyc le g ro w s
w ith d e c reasin g c as sh o w n in F ig . 7(d ). W h e n c
d e c rease s furth e r, a p itch fo rk b ifurcatio n ap p ears
at c = 7.075 w h e re th e attrac to r sp lits in to tw o as
sh o w n in F ig . 7(e). T h e n o n e c irc le o f th e attrac to r
g ro w s w h ile th e o th e r c irc le sh rin k s w ith d e c reasin g
c as sh o w n in F ig . 7(f). A t c = 7.054, th e cycle s
to uch th e sad d le p o in t an d b e c o m e h o m o c lin ic
o rb its, an d h e n c e w e h av e a h o m o c lin ic b ifurcatio n
an d th e o n se t o f ch ao s as sh o w n in F ig . 7(g ). A t
th at p o in t, th e larg e st L yap un o v e x p o n e n t sw itch e s
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F ig. 7. State space plots for diff erent c (blue and red attractors correspond to tw o symmetrical initial conditions): (a) c = 7.73,
(b) c = 7.69, (c) c = 7.6792, (d) c = 7.2, (e) c = 7.075, (f) c = 7.06, (g) c = 7.05.
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F ig. 8 . State space plots for diff erent c (blue and red attractors correspond to tw o symmetrical initial conditions): (a) c = 6.60,
(b) c = 6.46, (c) c = 6.442, (d) c = 6.44.
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fro m z e ro to p o sitiv e , w h ile th e se c o n d L yap un o v
e x p o n e n t sw itch e s fro m n e g ativ e to z e ro , an d th e
d im e n sio n ch an g e s fro m o n e to a v alue slig h tly in
e x c e ss o f tw o .

3.3.3. B ehaviors in the periodic w indow s

In c e rtain ran g e s o f c, th e re are p e rio d ic w in -
d o w s, in c lud in g larg e o n e s at c ∈ (6.44, 6.80) an d
c ∈ (6.13, 6.35) w h e re d yn am ic s sim ilar to th at
d e sc rib e d ab o v e o c cur. F o r e x am p le , in th e w in d o w
at c ∈ (6.44, 6.80), a p itch fo rk b ifurcatio n o c curs at
c = 6.60 w h e re tw o c o e x istin g stab le lim it cyc le s
are b o rn as sh o w n in F ig . 8(a). F o r c ∈ (6.80, 6.47),
th e re are tw o p e rio d ic attrac to rs, each o f w h ich
is c o m p o se d o f tw o sin g le c irc le s se p arate d at th e
b o tto m . A s c d e c rease s, th e p e rio d ic o rb it ch an g e s
th ro ug h a p e rio d -d o ub lin g b ifurcatio n at c = 6.46
as sh o w n in F ig . 8(b ). A t c = 6.442, th e o utsid e
c irc le d o ub le s ag ain as sh o w n in F ig . 8(c). F in ally,
it g iv e s w ay to ch ao s b y h o m o c lin ic b ifurcatio n at
c = 6.44, an d th e c o e x istin g state d isap p ears as
sh o w n in F ig . 8(d ). H e n c e th e ro ute to ch ao s in th is
w in d o w is c o m p le x , in c lud in g a p itch fo rk b ifurca-
tio n , p e rio d -d o ub lin g b ifurcatio n s an d a h o m o c lin ic
b ifurcatio n .

4 . C onclusion

T h is p ap e r h as re p o rte d an d an alyze d a v arian t o f
th e L o re n z syste m in w h ich o n e p aram e te r is v arie d .
T w o v alues o f th at p aram e te r (c = 0 an d c = 6)
co rre sp o n d , re sp e c tiv e ly, to sim p lifi catio n s o f th e
L o re n z syste m in w h ich o n e o r th e o th e r o f th e lin -
ear te rm s in th e ẏ e q uatio n is se t to z e ro , an d a th ird
v alue (c = −1) co rre sp o n d s to th e stan d ard L o re n z
syste m . T h e d yn am ical p ro p e rtie s o f th is ch ao tic
syste m h av e b e e n an alyze d , in c lud in g th e L yap un o v
e x p o n e n ts, frac tal d im e n sio n an d ro ute s to ch ao s.
T h e re sults sh o w it d isp lays ab un d an t an d c o m p le x
d yn am ic s. T h e re are ad d itio n al in te re stin g feature s
o f th is syste m in te rm s o f c o n tro l, syn ch ro n izatio n ,

c ircuit im p le m e n tatio n an d its ap p licatio n to se cure
c o m m un icatio n s th at d e se rv e furth e r stud y.
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R ö ssle r, O . E . [1976] “ A n e q uatio n fo r c o n tin uo us ch ao s,”
Phys. L ett. A 5 7 , 397– 398.

S te w art, I. [2000] “ T h e L o re n z attrac to r e x ists,” N ature

4 0 6 , 948– 949.
U e ta, T . & C h e n , G . [2000] “ B ifurcatio n an alysis o f

C h e n ’s attrac to r,” Int. J . B ifurcation and Chaos 1 0 ,
1917– 1931.
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