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Abstract. In this paper, we investigate the possible cases for equivalence between four-
dimensional autonomous dynamical systems and hyperjerk dynamics. In fact, we show that a
wide class of four-dimensional vector fields possess this property.

1 Introduction

A jerky dynamical system is a differential equation of the form ="/ = J (z,2’,2") with an
explicit time dependence (see [1] and [5]). The first three derivatives (z’,z”,2"”) are called
velocity, acceleration, and jerk, respectively. Jerky dynamics form an interesting subclass of
dynamical systems that can exhibit regular and chaotic behavior such as shown by several simple
examples in [6-7-8-9]. Jerky dynamics can be found in several nonmechanical areas of physics,
one example of which is the chaotic third-order differential equation representing an oscillator
model of thermal convection given in [3]. In fact, jerky dynamics are conceptually simpler than
dynamical systems, and they show all the major features of three-dimensional vector fields. In
particular, they can be considered as the natural generalization of oscillator dynamics, and hence
new methods to study chaos are possible.

By extension, a hyperjerk system is a dynamical system governed by an n!”-order ordinary
differential equation with n > 3 describing the time evolution of a single scalar variable of the
form 24 = H (z,2',2” 2", ...). The fourth derivative 2(™) = 2" has been called a snap, with
successive derivatives crackle and pop, and there is no universally accepted name for the higher
derivatives. Some simple forms of 4t* and 5*" order displaying chaos and hyperchaos were
presented in [8]. The connection between externally driven nonlinear oscillators and specific
uni- and bi-directionally coupled systems of two autonomous oscillators was discussed in [4]
along with a reinterpretation of simple chaotic forms of hyperjerk systems with some criteria
that exclude chaotic behavior in some classes of these hyperjerk systems. In fact, some 4-D
quadratic continuous-time autonomous systems cannot be reduced to hyperjerk dynamics, or
they possess a functionally complicated hyperjerk form.

2 Transformation of 4-D systems to hyperjerk form

Consider a 4-D system of the form

' = ¢ + bux + by + b3z + buau + ny (x)
Y =2 + by + by + bazz + byu + ny (2, y, 2, u)
2 =3+ by + by + b3z + byau +n3 (2, y, 2, u)
' = ¢4+ barx + bapy + bazz + baau + na (x,y, 2, u)

2.1)

where the functions n; (z) and (n; (z,y, 2,u)),,, are assumed to be at least of class C? in
8ny ()

. . N on;
their corresponding arguments. We set nj (z) = %g(f),nm = g, (T, 2,u) =
on;(z,y,z,u _ Oni(z,y,z,u) _ Oni(my,z,u _
(am )aniZ ($7yazvu) - (ay , T3 (:v,y,z,u) - (82 )a a—nd N4 (xay,zau) -

w, i = 2,3, 4. In this paper, we derive only the hyperjerk form of system (1) with respect

to x. The same logic applies for y, z, and u. For this purpose, assume that by, # 0. Then from
the first equation of (1), we have y (z, ', z,u) = —i (=2’ +c1 +n1 () + b1z + bizz + biu).
Thus ' (z,2', 2", z,u) = fiz + far + fsu+ fs + fs, where
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fi= b3b32—bi2bi3bsz —biobiabaz+bisbiaba

b2
12
fr = bllb13b32—b12b13b31‘;b11bl4b42—b12b14b41
b
12
f3= blybar—biabi3bsa+bi3biabs —biabiabay 5s
7, 2.2)
bis esns (g, 2,u))— 2@ Ly @y, 2,u) — 2l @)
f ( , ) b1y by
4 (x, 2’ z,u) = — 5
12
bi1b12+b13b32+b1abar+b
fS (x’x/’x//> — _ bubiptbis 32+b214 42+ 12"11(1’>x/ + ﬁx//
12

By equating the formula for y' = ¢ (z,2’, 2", 2z, u) with the second equation of (2.1), we obtain

1
<f1 — by + bnblabzz) z=mny — fa— fo (2.3)

where

bio + biiba — biob b b b
_ fbia 4 bubyn —biby D2y 2O ) s (2.4)
b1 2 b  bi

fo (z,2",2")

We remark that the second member of (2.3) depends on z in the part n, — f4, so if we assume
that ny (z,y, 2, u) — fa (z,2',2,u) = g1 (z,u), i.e., this part does not depend on the variable z,
with g; being an arbitrary function of the indicated arguments, then

z(z, 2’ 2") = fife (z,2',2") (2.5)
where f7 is given by

2
b12

fr= b2,b23 — bi3b3 — biabizboy + biabisbsz + bi2biabaz — bizbiabay

2.6)

with the condition
biabas — b3baa — bi2bizbay + b1abi3bsz + biabiabas — bizbiabsy # 0 2.7

The function g; does not depend on y since y itself depends on z. Hence the condition n, — f4 =
g1 (z,u) is equivalent to

(biany + biznz + biang) (,y, 2,u) = biagr (@, u) — biafs () (2.8)

where

(b13 (03 - M%IZHW) + by ((34 - W))

fs(z) = ™ (2.9)

From (2.5), we have 2/ = f; (bilzx"’ + fio (z) 2" + fo (x,2") x’) , where

fo (z,2") = bia(fo—ba1)+bubii+bnni () —ni (z)z’
( )_ (bzz (bllb12+bl3bl;122+bl4b42+blznll(I» ) (2.10)
fio(z) = (*E - v )

2
12
By equating the formula for 2’ with the third equation of (2.1), we obtain

b12b34 — b14b3z
-

=—fu—fiz - ﬁx’” (2.11)
b]z b12

where

(2.12)

- —bxn+f1fo(z,2")b
fui (2, a") = Pubazbubig 4 —= 7b?2(1 w0 + f1fio (z) 2"
fio (2!, 2" u) = —n3 (2,9, 2,u) — c3 + b32(01+n1§]a:¢2)+f6f7b13) — fofab3s

We remark that the second member of (2.11) depends on u in the part — f,, so if we assume
that — f1» = ¢» (z, 2) , i.e., this part does not depend on the variable u, with g being an arbitrary
function of the indicated arguments, then

Y — fr2" + biafin (w2’ 2") + biafra (w2’ 2”)

2.13)
b12bss — biabso
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with the condition
biab3s — biaby #0 (2.14)

Hence the condition — fj» = g2 (, 2) is equivalent to

b3z (¢1 +ny () + fofrb13)
P

—n3 ($7Z~/aZ,U)_C3+ _f6f7b33 =92 (LL',Z) (215)
From (2.13), we have v/ = fi32® + fi4, where

_ f1
f13 blzbm b14b32>

{ f (x e x///) _ 1712f|1(3E z’ .z’ + blzflz(l’ z'z" z/”) (2.16)
143525 - b1ab3s—b1ab3 b12b3s—biabs

df”(z,z’,z”) / VA7 falz,y,z,u) "
because ———= = f{, (x,2',2",2""), and since fi» = —gs (2, 2) , then #2222 = fl) (x, 2/, 2", 2"") .

Again, by equating the formula for " with the fourth equation of (2.1), we obtain

2% = fis (@, 2’ 2", 2") + fie (2, 2", 2", 2"")

f13

=H (z,2',2",2") (2.17)
where

,u) = ¢4 + by + baz f1f6 + po
f16($,l‘,l‘ ,JS , U —b42( bL —z' + e +n (l‘)-l—b]]l‘—f—p]))

/ f1z" b f11+bi fio _
po (z, 2", 2" 2" u) = baa ( bbb +ng — fia

o _ J12"" +b1 fri4b12 f1o
P1 (x,ac y X, X 7u> =bi3f7f6 + bia ( b12b34—b14b3

Finally, the form (2.17) is the corresponding hyperjerk form of the 4-D dynamical system (2.1).
Several chaotic examples of hyperjerk motion were studied in the literature where some of them
are listed in [8] with many illustrations. For example, all periodically forced oscillators and
some of the coupled oscillators are equivalent to a snap form as shown in [4]. This includes
the frictionless forced pendulum and the periodically forced undamped oscillator with a cubic
restoring force. Also, the same type of system with damping was studied in [8]. The simplest
examples of chaotic hyperjerk systems have been studied in [1]. These include snap systems
with one nonlinear function and the simplest dissipative chaotic case with a single quadratic
nonlinearity given by 2" + 62" = 1 — 22

fls(lL‘CC " x"”

(2.18)

3 The expression of the transformation

In this section, we derive a rigorous expression for the transformation between the 4-D dynamical
system (2.1) and the hyperjerk form (2.17). Indeed, the above procedure defines an invertible
transformation 7' = T (z, 2/, 2", 2"") provided the following conditions hold:

biz #0
b2,b23 — b23b3a — biabizban + b12bisbss + biobiabas — bisbiabay # 0
b12b3s — b14b3 # 0 (3.1
ny — fa = g1 (z,u)
—n3 —c3+ 712532 (c1 +ni () + fofibiz) — fefrb33 = g2 (2, 2)

where g; and g, are arbitrary functions of the indicated arguments. The transformation 7" (z, 2’, ="/, z"'")
is defined by

T (z,y,z,u) =
T (z,y,z,u) =" = ¢ + bz + by +n; (2)
T3 (z,y,2,u) = 2" = fi7 (v, y) + fis (v, 2,u) + fio (z,y, 2,u)
Ty (z,y,z,u) =2" =¥ + ¥,
W) = foox® + fax?y + foa? + fazy + frurz + frszu
Wy = fasx + fary* + fasyz + froyu + faoy + f312 + fou+ f33

and its inverse is defined by

(3.2)
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Tl_l x,x’,x”,x'”) =z

AN}

—1 ’ o f7f6”/+b12f11(I@/,I”)erlzflz(ﬂ?,z T )
T4 (x7$ , L, T = U= b12bsg—biabsy (33)

" $”I) =z = f7f6 (x’x/7xl/)

T{l (x, 2/ 2" 2") =y = —bi (=2’ +c1 +n1 () + bz + bizz + bau)

12

=
&
&\
8

where
fiz = (b} 4+ nuy (@) biy + bizbar) @ + (bribiz + biobay + bianyy (2)) y
fis = (b11b1z + bi1abas + bizna () z + (b11b1a + bi12baa + branyy (z)) u
fio = (b1t (c1 +ny (x)) + b2 (2 +n2 (2,9, 2,u)) +ny1 (x) (c1 +n1 (2)))
f20 = b3 nn (2) (3.4)
fa1 = bitbianai (x) ’
fn=+&
f3=686+¢&
J2a = biabpznyy (x) 4 bizbaznyy (@) + biabazniy (x) + biibiznig ()
and
Jas = biabaanyy + bizbzaniy + biabaanyy + biibraniny
Ja6 =& + & + &1+ &+ &o
fo1 = b
fag = babiznin
J29 = biabraniny (3.5)
J30==E&0+ & + &
i1 =83+
J32 =815+ &6
J33 =817+ &8+ &19 + &0
where
& = by (n} 4+ buny + cingg + ninin) ()
& = bunin (z) (e1 +ni (2)) + (biabar + bi3bsy + biabay) nay ()
& = bz (n7) (x) +buni (2) + (e +ni () nin (x))
& = (biabaa + bi3bsy + biabaz) nuy (z) + biibienin ()
& = (a1 + i (2)) (nf) () + buna (2) + (a1 + 0 () nan (2)) (3.6)
& = biy (b3, + (bi1 + c1 4+ i) niy () + biobay + bianay (2,9, 2,u)) '
& = boy (b11b12 + biabaa + b1anzn) + 31 (bi1b13 + bizbas + b1anas)
&8 = ba1 (b11b1a + bioboa + bionas) + bianai () (c2 + n2)
o = bianii (z) (3 + 13 (2, y, 2,u)) + banii (cs + na (z,y, 2,u))
10 = b1z (b3, + niibiy + cinay + ningy + biabay + bionay)
and

&1 = boa (bi1bia + biobay + bianan) + b3z (bi1b13 + biobaz + bianas)
&12 = bag (b11b14 + b12baa + bianga) + bianan (¢ + np)
&13 = b2z (bi1bia + biobay + bianan) + b33 (bi1b13 + biobaz + bionas)
&14 = baz (b11b14 + b12b2a + b1anga) + bisnan (¢ + np)
&15 = bag (b11012 + b12baa + b1anoa) + bag (b11b13 + b12ba3 + bianos) 3.7
&16 = bag (b11b14 + b12b2g + b12nga) + branan (¢ +mnp)
&7 = (a1 +ny) (b} + nuibir + cinyy + ningy + biobay + biana)
§i8 = (2 +n2 (9, z,u)) (br1biz + biabx + bianas (2, y, 2, u))
§19 = (ca +1n4 (2,9, 2,u)) (br1b1a + b12baa + bionog (2, y, 2, u))
20 = (c3 + 13 (2,9, 2,u)) (b11b13 + biabaz + bianas (2,9, 2, u))
Note that the inverse transformation exits since the procedure described in Sec. 2 transforms the

4-D dynamical system (2.1) to the hyperjerk form in (2.17) without any singularities. Therefore,
the inverse procedure defined by (3.3) can give the initial 4-D dynamical system (2.1).
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4 Examples of hyperjerk dynamics

Using the above method, we can prove that any dynamical system of the functional form

' =ci + bz + by +ni (x)
Y = ¢+ by + by + bzz +no (z,y)
2" = ¢34 b31x + bayy + b33z + bagu +n3 (2,9, 2)
' = ¢4+ by + by + bazz + baau + n4 (z,y, 2, u)

4.1)

can be reduced to a hyperjerk dynamic form 2" = H (z,2’, 2", 2"") if the following conditions
hold:

bia # 0,623 # 0,034 # 0 4.2)

That is, bj3 = bja = by = 0 in system (2.1). First, we notice that if n, and n3 do not depend
on z and u, respectively, then there is no need to consider the functions g; and g, defined above.
In this case, we have y (z,z') = —b—}z (=2' +c1 +n1 (z) + byyx). Thus ' (z,2/,2") = fs =
—ubethenn(®) gt and fy = 0,f, =0, f; =0, fs = 0. Also, z (z,2/,2") = frfs, where

12
_ [ biibyn—biby by b by _ 1 — —
f6 = (7“ zzblz 2 71) T — ﬁx/ -+ %72121 =+ ?T;nl (l’) + f57f7 - Tﬂva (IIJ) = 0. Hence 2’ =

f (b%zx/// + fio (CE) 2+ fgl‘l) , where fo = (b12(f27b21)+b22b11lezzznn(z)*mn(m)z') and fio (l‘) =
(_bﬁ _ (butnu(=))

) . By equating the formula for 2’ with the third equation of (26), we obtain

b2 bia
. 111 . _ —b3a+f7 fe '7«'7-'51 bin
u = 4z +b12f11+b12f12, where f1; = bi1bs—biobsi . + 9( ) Dol f1f10 (x) z” and fi, =
l;)]zb34 blZ b]Z
ot (z
—n3—c3+ W — fe.f7b33. Hence we have v’ = f13x(4) + f14, where fj3 = b]fzm and f14 =

% + % Finally, we obtain z(*) = % = H (z,2',2",2""), where fis = c4 + bz + baz f7

Je + po and fi6 = bar (—b%z (=" +er +np (2) + blﬂ)) with pg = bag (4f7rm+glégl+bmﬁz) +

n4 — f14. In this case, the expression for the transformation " = T (z, 2, 2", 2""") is given by

T (z,y,2z,u) =2
T (z,y,2,u) =" =c1 + bz + biay + ny (x)
T3 (z,y, z,u) = 2" = fi7 (v,y) + fis (z,2,u) + fio (2,9, 2,u)
Ty (z,y,z,u) =2" =¥ + ¥,
W) = foa® + faa?y + foa? + frzy + fruxz
W, = fasz + fary + faoy + fa1z + fou+ f3

4.3)

and its inverse is defined by

Tfl (1'7.%/71'”,.%”/) =
T471 (CL‘, o, m,,,) — = f7$”/+blzf11($7x;7lzfl;;z+b|2f12($7x/790”) @)
T;l (33,3;‘/,33”,.%'/”) - f7f6 (m,x’, l‘”)

Tt (2,2 2" 2") =y = — (=2’ + e+ (2) + bw)

12

where

f17 = (b3 + nuy (@) by + bizbar) @ + (bribiz + bioboy + bianyy (2)) y
fig = bi1abazz

fio = (bi1 (e1 +n1 (2)) + b1z (2 + 12 (z,y)) + 1t (z) (a1 + i (2)))

fr0 =05 (), for = biibianan (), fo =& + &

J23 = & + &4, foa = biabosnay (), fos = 0, fas = 0, f2o = 0
fas = & + &6 + & + &, fa1 = bl
30 = &0 + &1+ &2, f31 = &3 + &1, f32 = 15 + &6
=87+ &s + &0+ &0

4.5)
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where
& = by (n}; +buny + cinyg + ninin) ()
& =binin (x) (e + 1 (x)) + (biabar) niy (z)
& = bz (nd) () + bina (2) + (a1 + n (2) nan ()
& = (b12b22) na1 (z) + biibiznin (2)
& = (1 +n1 (2)) (nfy (2) + bun (@) + (er + 1 (2) nan ()
&6 = biy (b, + (b11 + c1 4+ ny) nut () + biabar + biznag (2,y))
& = bat (biibiz + bib + bionas (2, y)) + b31 (bi2baz + bianas (2, y))
& = ba1 (bianaa (z,y)) + bianyy (2) (c2 + n2 (z,y))
§=0
10 = b1z (b3, + niibiy + cingy +ningy + biabay + bionay)

and

&1 = boa (bi1bia + biobay + bianan) + b3z (biabaz + bianaz)
&12 = ban (bianoa) + bianain (e +ny)
&13 = b3 (bi1b12 + biabas + bianaz) + b3z (bi2baz + bianas)
&1a = baz (bianoa)
&5 = b3a (biabaz + bianaz)
§16 = baabiamog
&7 = (e1 +mn1) (b]; + nuibin 4 cinay + niniy + bizbay + bianay)
&g = (2 + 2 (2,9)) (b11bi2 + biabaa + bianas (2, y))
§19 = (ca +n4 (2, y, 2,u)) (branas (z,y))
&0 = (e3 + 13 (2,9, 2)) (biobas + biznas (2,y))

(4.6)

4.7

We remark that if n; (z) = 0, then the expression for the transformation 7' = T (z, 2/, 2", 2"")

is given by

Ty (z,y,z,u) =x
T (z,y,z,u) =2 =c1 + bz + by
T (z,y,2,u) = 2" = fir (2,9) + fis (2) + fio (2,9)
Ty (z,y,2,u) = 2" = fax + froy + f312 + fou+ f33 (x,y, 2,u)
and its inverse is defined by

Tl_l (x,ac’,x”,x”’) =
T;l (z,2' 2", a") = u = f790/”+blzf11(93790;7152;;2+b12f12 (z.2',2")
T;l (.2, 2", 2" =z = frfo (x, 2, 2")

Tt (2, 2" a") =y = — 55 (=2 4+ 1+ (@) + bz

where
fi7 = (b}) + bi2ba1) @ + (bi1bia + bi2ba2) y
fig = biabasz, fig = (bii (c1) + b1z (2 + 12 (2, y)))
J20=0,f21=0,/22=0,f23 =0, f24 =0, f55 =0, f28 =0, f20 =0, fr7 =0
J26 = &6 + &7+ &8, f30 = 10 + &1+ &12, f31 = &3 + &4
J32 = &5 + &6, f33 = §17 + §18 + &19 + &20
where

§1=0,6£=0,85=0,6=0,8=0,8=0
& = bi1 (b}) + bizba1 + bianag (z,y))
& = a1 (bi1bia + biaba + bionas (2, y)) + b31 (bi2baz + bianas (2, y))
&8 = ba1 (bianoa (2,y)) , &0 = bia (b7, + biabay + bionay (z,y))

&1 = baa (bi1bia + biobay + biong (x,y)) + b3z (biabaz + bionas (z,y))
12 = baa (b1anoa)

€13 = b3 (bi1bia + biobay + biong (x,y)) + b33 (biabaz + bionas (2, y))
14 = baz (b1anoa)

4.8)

4.9)

(4.10)

.11
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and

€15 = b3 (b12bo3 + bianas (2, y))
&16 = baabronog (z,y)
&7 = c1 (b3, + biabar + bionag (2,y))
&13 = (2 +n2(z,y)) (br1biz + biobay + biana (x,y))
€19 = bianoa (z,y) (cs +na (2, y, 2, 1))
20 = (3 + 13 (2,9, 2)) (brabas + bianas (z,y))
Now we find sufficient conditions for the equivalence of a 4-D quadratic system with a hyperjerk

system. According to the previous analysis, the general 4-D quadratic system has the following
form

4.12)

' =ci + bz + by +n (x)
Y = ¢y + bz + by + bazz +na (2, y, 2,u)
2 =34 b3z + by + bszz + bygu + n3 (z,y, 2, u)
U = cq4 4+ by1x + bgoy + byzz + bagu + ny (:Z?,y, Z,U)

(4.13)

where

ny (r) = ag?

ny = by + bsy? + bez? + byu® + bgxy + boxz + bioyz + byixu + biazu + bjzyu
n3 = e4x2 + e5y2 + 6622 + e7u2 + egxY + e9xrz + e1pyYz + e11xu + e1p2u + e3yu
ng = dyx? + dsy? + dg2* + dyu® + dgay + doxz + digyz + dyjxu + dipzu + dizyu

(4.14)
By using the form (4.1), it is easy to show that any 4-D quadratic system of the form
2’ = ¢ + bz + by + asx?
Y =2+ boiw + by + bz + baaz? + bsy® + bgay 4.15)

2" = c3 + b3z + bayy + b33z + bagu + eqr? + esy2 + ez + esxy + egxz + ejpyz
U = ¢4 + barx + by + bazz + bagu + ng (2, Y, 2, 1)

can be reduced to a hyperjerk dynamic form ' = H (z,2’, 2", 2"") if the conditions (4.2) hold.
We remark that the form (4.15) contains 20 nonlinearities, and the best known hyperchaotic 4-D
quadratic system is the Rossler system that contains one nonlinearity xz and is given by 2’ =
—y—z,y = zt+ay+u, 2’ = b+xz,u’ = cu—dz, but this system is not equivalent to any hyperjerk
system due to the presence of singularities. In [8] the algebraically simplest hyperchaotic snap
system was studied, and it is given by 2/ + z*z"" + Az" + ' + = = 0. This system displays
hyperchaos when A = 3.6 with Lyapunov exponents (0.1310,0.0358,0, —1.2550).

5 Conclusion

The possible cases for equivalence between four-dimensional autonomous dynamical systems
and hyperjerk dynamics were studied in this paper. Some examples were also presented and
discussed.
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