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1. Introduction

There are several methods of chaos synchronization. For example in [9], a method is
introduced to synchronize two identical chaotic systems with different initial conditions.
An adaptive control approach is presented in [10], a backstepping design is given in [13],
an active control method is presented in [5-11,12], and a nonlinear control scheme is
given in [4,6,8]. In fact, there are many applications of chaos synchronization in phys-
ical, chemical, and ecological systems, and in secure communications [1,2,3,7,9,10]. For
4-D continuous-time quadratic systems, some of these methods were applied to Lorenz-
Stenflo systems, Qi systems, and other hyperchaotic quadratic systems as shown in
[14,15,16,17,18,19,20]. In this letter, we apply nonlinear control theory to synchronize
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two arbitrary, 4-D, continuous-time, quadratic systems. This control law is a universal
synchronization approach since it does not need any conditions on the considered systems.

2. Synchronization Using A Universal Nonlinear Control Law

In this section, we consider two arbitrary, 4-D, continuous-time, quadratic systems. The
one with variables 21,41, 21, and u; will be controlled to be the new system given by

4

) =+ Pzt + Piatn + Biszr + Pruaus + fi (21, y1, 21, wa

( )
Y = 2 + P11 + Posyr + Paszr + Paaus + fo (21,41, 21, U1)
2= p3 + P3121 + Baayn + Pazzr + Psaur + fs (1, y1, 21, u1)

( )

| Uy = pa+ B+ By + Basz + Paaw + fa (21,31, 21, w

where

4
2 2 2 2
f1 = aax] + asyi + agzi + arui + agxiy1 + agTi121 + 1

fa = bax] + b5yt + be2i + bruf + bsa1ys + bow121 + P2
fa = car? + csyi + ce2i + crui + csx1yr + coT121 + p3
fo = dax? + dsy? + de2f + drui + dszays + dox121 + s
D1 = G1oY121 + a11T1u; + a1221U1 + G13Y1U1
P2 = bioy121 + buiwiug + biaziur + bisyiug

P3 = C1oY121 + C11Z1uy + C1221U1 + C131U

pa = dioy121 + diixiug + digziug + disyiug

and the one with variables s, ¥2, 22, and us as the response system

(

xh = 01 + p11%2 + pr2y2 + p1322 + praua + g1 (22, Yo, 22, Us

(
Yy = 0z + p21Ta + paoys + Pasza + P2stiz + Go (T2, Y2, 22, Un
(
(

)+ va(

)+ va(
2] = 03 + p3172 + 3oy + pazza + paatiz + g3 (T2, Y2, 22, Uz) + vs(t

)+ v4(

| WL = 0a + pa1T2 + pasye + pasz2 + pastiz + g (T2, Y2, 22, Uz
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where
g1 = hax3 + hsy3 + hez3 + hru3 + hsTays + hotazs + ps

2 2 2 2
g2 = MyX5 + MsY5 + Me25 + Mrus + Mol + MoTa22 + De
_ 2 2 2 2
g3 = T4x5 + r5y5 + re2y + rrus + rsTaye + ro%a2e + pPr
_ 2 2 2 2
g4 = 54%5 + S5Y5 + Se25 + S7uj + SsTaly2 + SgT222 + Ps
s = hioY222 + hi1Zous + hiazous + hisyous
Pe = M1oY222 + M11T2U + M1222Us + M13Y2Us2
D7 = T10Y2%22 + 112Uz + 222Uz + T13Y2U2

Ps = S10¥Y222 + S11X2U2 + S1222U2 + S13Y2U2

\
Here (t4i,0i)1<;c4 € R® and (83, i )i g © R and (a;, b;, i, d;, iy, mi, T4, 8i)acic1s € R8O
are bifurcation parameters, and v (t), v2(t), vs(t), and v4(t) are the unknown nonlinear
controller such that two systems (1)-(2) and (3)-(4) can be synchronized.

First, let us define the following quantities depending on the above two systems:

4
_ 2 2
m = h7u1 — AgU1T2 + h13U1y2 — Q12U 22 + P14U1 — A7U5 + thzLL‘l

N2 = —a13Uay1 + higuozr — Bratus + hat] + hst1ys + hom122 + pr1xs
N3 = —Q4T5 — AsT2y1 — AoT221 — P11z + hsyi + Ruoyr2z + prayr — asy;
Ny = —a10Y221 — Pr2ya + he2? + p13z1 — aszs — Piaza — i1 + 1
s = mrui — bou1 Ty + Mastiyys — bioty 2 + pastis — brud + Mmooty
Ne = —b1auay1 + MigUaz1 — Pratia + Max? + M1y + MoT122 + P2171
Nr = —baxy — bsayr — boaz1 — Po1®a + Msy; + Maoyr22 + pazyr — bsys

Ns = —bioyzz1 — Ba2yz + Mezi + paszy — bezs — Pazza — po + 02

2 2
No = T7UT — CoU1 X2 + T13UIY2 — ClaU122 + P34U1 — CrUs + TolUa Xy

_ 2
Mo = —Ci3UgY1 + 12Uzt — [34Us + T42T + T8T1Y2 + ToT122 + P1121
_ 2 2 2
M1 = —CaZ5 — C8TaY1 — CoTa21 — P31T2 + T5Y] + T10Y122 + P32y1 — C5Y
_ 2 2
M2 = —Cio¥221 — P3ay2 + r62i + p3321 — C623 — [3322 — U3 + 03

(6)

— 2 2
M3 = S7u] — dou1 22 + S13U1Y2 — di2U1 22 + Paatts — druy + SoUaZy
_ 2
N4 = —d13U2y1 + S1oU921 — B44U2 + S427 + S8T1Y2 + S9¥122 + Pa1%1

s = —dyx3 — dswayy — domazy — Bar®a + S5yt + S10Y122 + pazy1 — dsy’

e = —di0Y221 — Baay + 8621 + pazz1 — ds23 — Baaze — f1a + O
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4
& = P+ p11 + (ag + ha) (1 + 22) + aguy + asys + agz1 + houa + hsya + hozo
& = P+ pi2 + (as + hs) (y1 +y2) + @021 + 22010
€ = P13+ p1s + (as + he) (21 + 22) + ura12 + uzhio (7)

€s = Pra+ pra+ (a7 + h7) (U1 + u2) + y1a13 + y2his

E=m+n2+ns+m

\

4
&6 = Po1 + pau + (b4 + m4) (5131 + $2) + boug + bgy1 + boz1 + Moug + Mgy + Moz
& = Paa + pa2 + (bs +ms) (y1 + y2) + broz1 + 2amao
€ = Paz + pas3 + (bs + me) (21 + 22) + u1b1a + uamas (8)

&9 = Poa + pas + (br +m7) (U1 + u2) + y1b13 + yamas

&0 =15+ 16 + 17+ s

(

€11 = P31+ ps1 + (ca +74) (X1 + X2) + Cous + CsY1 + Coz1 + ToUla + TsYa + To22
&2 = P2+ ps2 + (5 +75) (Y1 + y2) + cr021 + 22710
€13 = P3z + p3s + (c6 +76) (21 + 22) + uiC12 + U2 (9)
€14 = P3a + p3a + (cr +77) (U1 + ug) + Y113 + Y2713

&15 = Mo + Nio + M1 + M2

\
(

€16 = Par + pa1 + (ds + 84) (X1 + x2) + douy + dsyy + doz1 + Sous + Ssy2 + So2o
&7 = Pag + paz + (ds + 85) (Y1 + y2) + dioz1 + 22510
€18 = Pas + pas + (d6 + 86) (2'1 + 2'2) + uidia + U812 (10)
€10 = Paa + paa + (d7 + s7) (ug + u2) + y1dis + y2$13

&20 = M3 + M4 + Nis + Mis

\
Now let the error states be e = x5 — 21,69 = Yo — Y1,63 = 29 — 21, and e4 = Uy — Uq.
Then the error system is given by

(

el = &rer + &aea + Ezez + Eueq + & + 11 (1)

ey = &ger + &reg + Eses + Eoes + &1 + 12 (2

(11)

)
ey = &1eq + Erzea + Eizes + Eraes + Eis + 03 (1)
(

| €1 = &ise1 + §iren + Eises + Sio€s + E20 + v4 (1)
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In this letter, we propose the following universal control law for the system (3)-(4):

4

n(t)=—(1+&)er—&
v2 () = — (& +8&)er — (L+ &) e2 — w0
v3(t) = —(G+&u)er— (s + &) e — (14 &is) es — &uis
4 (t) = — (€4 + &16) €1 — (S0 + &17) €2 — (§1a + S18) €3 — (1 + &10) €4 — 20

\

Then the two 4-D, continuous-time, quadratic systems (1)-(2) and (3)-(4) approach syn-
chronization for any initial condition, since the error system (11) becomes

6/1 = —e1 + 5262 + 5363 + 5464
el = —&se1 — ey + Eses + Eoey

(13)
e5 = —&3e1 — Egea — €3 + §14€4

L ey = —&4e1 — Eoez — Eia€s — €4

and if we consider the Lyapunov function V = %7 then it is easy to verify the
asymptotic stability of the error system (13) by Lyapunov stability theory since we have
& = —e] —ej —ej —ef < 0 forall (,0),¢;c4 € R® and (Bij, pi5)1<; ;4 € R'® and
(iy iy iy diy hiy My T3, 8i) yeieqs € RP and for all initial conditions. If the two systems (1)-
(2) and (3)-(4) are chaotic, then the control law (12) guaranties also their synchronization
for any initial condition. An elementary example of this situation can be found in [14].
Also, we notice that any 4-D, continuous-time, quadratic, chaotic system can be stabilized
(resp. controlled) to a stable 4-D, continuous-time, quadratic system that converges to
an equilibrium point (resp. to a 4-D, continuous-time, quadratic system that converges
to a periodic solution). Furthermore, any 4-D, continuous-time, quadratic system can be
chaotified to a chaotic 4-D, continuous-time, quadratic system.

Conclusion

We have presented a universal nonlinear control law (without any conditions) for the
synchronization of arbitrary 4-D, continuous-time, quadratic systems. This control law
(12) can be considered either as a stabilization, or as a control, or as a chaotification
approach for a general 4-D, continuous-time, quadratic system.
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