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a b s t r a c t 

The memristor is a fundamental two-terminal electrical component unique in that it possesses the prop- 

erties of non-linearity and memory, which are pervasive across natural systems. It has been proven to be 

in principle a viable substrate for novel dynamical systems showing chaotic behavior, but the recourse to 

abstract, idealized mathematical non-linearities throughout the existing literature hinders practical real- 

ization using physical devices. In this work, we realize a fully autonomous chaotic oscillator circuit based 

on self-directed channel memristors. Its architecture comprises two feedback loops, a linear one and a 

non-linear one involving the memristor. Low-dimensional chaotic dynamics are readily obtained exper- 

imentally using tungsten-based as well as carbon-based physical devices, despite their non-idealities. A 

mathematical model of the circuit, revealing further interesting non-linear features such as bifurcations 

without parameters, is also offered. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

In 1971 L.O. Chua, noticing the incompleteness of the relation-

hips between the fundamental electrical quantities expressed by

he resistor, capacitor, and inductor, postulated the existence of

 fourth electrical component: he named it a memristor and de-

ned it as a non-linear two-terminal element which relates elec-

ric charge with magnetic flux linkage [1] . A few years later, mem-

istive systems, a class of non-linear dynamical systems generaliz-

ng memristors and having peculiar characteristics through being

emory elements with frequency-dependent non-linear behavior

nd pinched hysteresis i - v loops, were introduced [2] . These two

eminal studies led to the question of whether such systems were

urely theoretical or useful as physical models of real components

ot yet identified or discovered. An answer was provided in 2008

y the work of D.B. Strukov and coauthors who, characterizing a

ew TiO 2 nanoscale device, discovered a current-voltage behavior

hat could be ascribed to memristive nature [3] . In turn, this work
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aved the way for a renewed interest in memristors and their ap-

lications across widely different fields. 

Over the recent years, memristors, owing to the ability of

ysteretically changing their resistance in response to previously-

pplied electrical stimuli [4,5] , have attracted considerable interest

or diverse hypothetical applications such as nonvolatile memories

6,7] , logic gates [8–11] , hybrid logic/memory circuits [5] , and neu-

omorphic computing [12,13] . In particular, the unique prerogatives

f the device fuel interest in evaluating it as a possibly optimal

ubstrate for generating non-linear and chaotic dynamics [14–16] .

on-linear circuits based on memristors could potentially involve a

educed number of components, thus producing architectures that

ould be particularly simple, well-suited for large-scale replication

nd design of biologically-inspired systems [17–19] . However, de-

pite all research efforts invested in this direction, there remains a

ide gap between theoretical studies presenting memristor-based

athematical systems producing chaos or other non-linear behav-

ors, and their practical realizations confirming the actual suitabil-

ty of physical memristive devices for any such purposes. 

Countless chaotic oscillators based on memristors have been

heorized starting from known topologies of chaotic or periodic

ircuits and substituting a non-linear or a linear component with

 memristor or a memristive system. Several works are based on

hua’s circuit or its variants, wherein the Chua’s diode is replaced

https://doi.org/10.1016/j.chaos.2020.109990
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with a memristor [14,15,17,20,21] . Chaotic circuits have also been

theorized from Shinriki’s circuit [22] or from the jerk chaotic sys-

tem [23] by using a first-order memristive diode bridge in place

of the non-linear element, or in place of a resistor in active fil-

ters [24,25] . Finally, other memristive chaotic systems have been

designed ab initio predicated on non-linear dynamics arguments

and numerical simulations [18,26,27] . Importantly, the near-totality

of these oscillators assume ideal characteristics for the memris-

tor, such as cubic or piece-wise-linear non-linearities [14] . Conse-

quently, any hypothetical laboratory implementation of these ab-

stract mathematical systems must rely on analog emulators of the

memristor, which often require a significant number of compo-

nents, thus negating the appeal of a memristor-based approach in

the first place [15,28] . 

A first step towards filling the gap between theoretical models

and practical realizations is represented by chaotic oscillators using

physics-based models of the memristors, such as Strukov’s model

[29,30] . These works rely on an architecture based on Chua’s cir-

cuit and, to recover the symmetry of the non-linearity suitable for

chaos generation starting from a component that is passive and

non-symmetrical, utilize a configuration of two memristors con-

nected in anti-parallel. A second step was the realization and ex-

perimental characterization of sub-circuits including one or more

memristors alongside an external or internal driver [31–33] . In

particular, in Ref. [31] memristors connected in series, parallel

and anti-parallel configurations were considered, whereas in Ref.

[32] feedback configurations using programmable source meters

were presented; both works make use of flexible TiO 2 memristors

constructed with spin-coating techniques and demonstrate non-

linear dynamics such as spiking and chaotic time-series. In Ref.

[33] , a nanoscale NbO 2 Mott memristor was used, and chaotic dy-

namics were found as the result of the coupling with an intrinsic

oscillator due to thermal fluctuations in the nanoscale volume, a

mechanism inherently not observable in larger-scale devices. While

providing evidence of the effective viability of physical memristors

in generating non-linear dynamics, these works crucially did not

offer a fully autonomous circuit architecture for chaotic oscillation,

which is, instead, the main focus of the present contribution. 

The design of a real, fully autonomous chaotic circuit based on

a physical memristor is far from being a trivial task because ex-

perimental devices can significantly differ from the abstract non-

linear functions which populate mathematical models of the oscil-

lators. Besides, non-idealities, tolerances, technological constraints

(for example, in having stringent limits to the voltage and current

that they can tolerate) and instability, alongside limited reliability

and lifetime of the currently available memristors, strongly impact

the usability of many otherwise viable circuit topologies. It should

also be taken into account that, while in digital applications spe-

cific SET and RESET procedures can be defined to overcome the

non-idealities of the device, the effective use of a memristor in

analog applications such as chaos generation is often enabled only

by continuous exploitation of its non-linear features over the full

range of operation. 

For these reasons, in this paper, we have pursued a bottom-

up approach, starting from a commercially available device and

tailoring a realistic circuit architecture around its physical prop-

erties and limits. We report a circuit wherein the memristor is

the only source of non-linearity, and the resulting architecture is

based on three cascaded active linear RC filters with two feedback

loops, one linear and one involving the memristor non-linearity.

This circuit has been realized in the laboratory and character-

ized experimentally, proving its practical suitability for generating

chaos. The numerical simulations of an idealized model comple-

ment the experimental results, qualitatively confirming the chaotic

behavior observed and additionally highlighting the presence of

non-linear phenomena common across the postulated memristor-
ased oscillators, such as multi-stability and bifurcation without

arameters. 

. Physical memristor 

Despite intense investment towards the identification of vi-

ble materials and reliable fabrication processes, to date, memris-

ors have failed to become a mainstream electronic component,

nd their availability remains limited. For the present study, we

ave used the discrete commercial parts marketed by Knowm Inc.

Santa Fe NM, USA), which are commercially off-the-shelf available

or mail order [34] . These are ion-conducting devices, referred to

s self-directed channel (SDC) memristors, wherein the resistance

hange is determined by the movement of Ag+ ions inwards or

utwards of agglomeration sites (e.g., channels) within the active

ayer. The conductive channels are generated via dopant-catalyzed

eactions, and, depending on the dopant used, either tungsten or

arbon, two device types are available with different electrical

haracteristics [35,36] . 

Independent discrete memristors are packaged as groups of 8

nto 16-pin ceramic DIP-packages. Upon receipt, they are not gen-

rally formed, so a forming process was carried out, which con-

isted of applying a f = 2 Hz sine-wave, whose amplitude was

radually increased from v = 0 to 1 V pp over 5 min. This process

eleases Sn ions from the SnSe layer and forces them into the

ctive layer, wherein they support the incorporation of Ag + ions.

imilar results are obtained with other frequencies on the same or-

er, but gradually increasing the applied voltage up to a level com-

arable to that found in the oscillator circuit is essential. To limit

he current, a series resistor R 1 = 10 k � or 47 k � was inserted, re-

pectively, for the tungsten- and carbon-based devices. During the

orming process, a minority of devices fail to develop the pinched

 - v hysteresis loop, often behaving instead as a high-valued resis-

or. This situation could also arise after successful forming, either

s a gradual drift or a sudden event, in which case a rescue pro-

edure consisting of repeatedly applying a ± 3 V potential for few

econds was attempted [36] . As the devices are extremely fragile,

ll procedures were completed at a static-safe workstation. 

The complexity of the physical device readily became apparent

hrough applying a sine-wave of varying amplitude and frequency

fter forming. For brevity, only the example case of one tungsten-

ased device is presented. As visible in Fig. 1 a, during elevating the

oltage of a f = 2 Hz wave from v = 0 . 6 to 2 . 4 V pp , the qualita-

ive features of the loop changed appreciably. While the slope cor-

esponding to 1 /R off remained approximately unchanged and that

orresponding 1 /R on became steeper, the loop area increased more

arkedly within the negative than the positive quadrant, its tra-

ectory therein becoming progressively less smooth and more rem-

niscent of a triangle. Keeping all settings unchanged and increas-

ng the frequency to 4 Hz and 8 Hz ( Fig. 1 b and c, respectively),

ven greater complexity could be revealed, whereby the morphol-

gy of the loop was further distorted and rendered more clearly

ensitive to the applied voltage, affecting both the shape and the

rea within both quadrants in non-trivial ways. 

Furthermore, comparing, as shown in Fig. 1 d, the loops ac-

uired at v = 2 V pp and f = 8 Hz before and after 30 min com-

rising both external driving and oscillatory operation, revealed an

pparent non-volatile effect. The slope corresponding to 1 /R off in-

reased, the loop shrank and the shape of both lobes was clearly

ltered. Eventually, the loop shrinks into a line such that the de-

ice loses its non-linear and memory properties, collapsing into a

esistor having R on ≈ R off. While this could oftentimes be relieved

ia transient application of a biasing voltage, the properties of pris-

ine devices could not be fully recovered. Finally, taking as an ex-

mple the case of v = 1 . 2 V pp and f = 8 Hz , considerable cycle-to-

ycle current variations could be seen, delineating an unstable or-
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Fig. 1. Loops and waveform experimentally acquired during sinusoidal driving of a 

representative tungsten-based memristor specimen. a), b) and c) Effect of increas- 

ing the applied voltage v = { 0 . 6 , 0 . 8 . . . 2 . 4 } V pp , as denoted by the arrow, separately 

for f = { 2 , 4 , 8 } Hz respectively. d) Non-volatile change in the device parameters, 

shown for v = 2 V pp and f = 8 Hz , wherein blue and orange denote measurements 

taken, respectively, before and after a 30-minute operation interval. e) Unstable 

time-course of current while driving at v = 1 . 2 V pp and f = 8 Hz . i (M) and v (M) de- 

note, respectively, the current through and the voltage across the device under test. 

(For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 
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it ( Fig. 1 e); though this effect was observed inconsistently, it ex-

mplifies the complexity of the dynamical properties available to

he physical devices, which can emerge even when an isolated one

s simply periodically forced. 

Together with manufacturing variability, not reported for

revity, these non-idealities delineate profound differences be-

ween a physical memristor and one simulated numerically or

lectronically via an op-amp based non-linear topology. Unlike a

igital circuit such as a logic gate, a chaotic oscillator explores the

ontinuous range of values, and is inherently sensitive to param-

ter settings, implying that these aspects considerably impact the

esign of a viable circuit. 

. Experimental oscillator circuit 

Ahead of introducing the designed circuit, some considerations

re outlined, which stem from extensive preliminary experimen-

ation with these devices and here served to narrow down the

ange of possible candidate topologies considerably. Firstly, accord-

ng to the manufacturer, there are stringent requirements of max-

mum voltage across and current through the memristor: the for-

er is ± 3 V, whereas the latter is ± 1 mA for tungsten-based

nd ± 0.05 mA for carbon-based parts. Even during short tran-

ients, exceeding these values causes complex and potentially irre-
ersible alterations to the active layer, including phase-change ef-

ects [36] . Consequently, a practically-viable circuit requires that

he self-directed channel memristor is connected in series to a

uitably large current-limiting resistor, prohibiting secondary paths

hrough reactive devices. For this reason, straightforwardly replac-

ng the nonlinear element with a memristor into architectures, e.g.,

erived by the Chua’s circuit and its variants [14,15,17,20,21] , may

ield an experimental realization that causes device damage or

therwise fails at generating chaotic behavior. 

Secondly, a circuit that does not tend to saturate quickly is re-

uired, since the application of an asymmetric potential causes a

asting drift in the memristor parameters and, depending on the

ower supply voltage, saturation can easily lead to the maximum

oltage limit being exceeded. On the other hand, introducing other

on-linear elements such as Zener diodes or varistors as protec-

ion means would complicate ascribing the emergent dynamics

o the memristor itself. Thirdly, because many factors, including

on-volatile effects, influence the non-linear curve, a circuit which

an generate chaos over a sufficiently large region of the param-

ter space is required. Otherwise, there is the risk that, even if

haotic operation is attained, it only manifests as a transient be-

ause phase transition causes different driving of the memristor,

hich in turn responds by altering its properties, thus shifting to

nother non-chaotic region of the parameter space. The second and

hird considerations together underline criticalities that can arise

n those circuits designed for memristors electronically-simulated

nd, hence, free from non-volatile effects [24,25] , ultimately ori-

nting the choice of the candidate circuit topology towards robust

haotic architectures. 

Based on these considerations, the jerk circuit introduced in

011 by J.C. Sprott was identified as a suitable starting point, par-

icularly given that, by construction, it is chaotic over a broad

ange of component values, and poses minimal requirements on

he shape of the non-linearity. It was initially intended for use with

 diode, and consists of three cascaded op-amp-based integrator

tages, effectively realizing a linear and a non-linear feedback loop

37] . Here, as shown in Fig. 2 a, it was adopted for operation with a

emristor, with some adjustments. Namely, the top-left op-amp

ircuit containing the memristor M replaces the diode; therein,

he current-limiting resistor was empirically set to R 1 = 68 k � and

 1 = 100 k � for the tungsten- and carbon-based devices respec-

ively. While conceptually superfluous, R 2 avoids possible dam-

ge due to transient over-current flowing through the protection

iodes of the inverting input during power-up. The offset volt-

ge U serves as a secondary control parameter and was manually

djusted, steering the memristor non-linearity towards persistent

haotic operation, eventually reaching U = 0 . 43 V and U = 0 . 55 V

or the tungsten- and carbon-based devices, respectively, in the

ases shown. At the output of this op-amp, the memristor non-

inearity manifests itself in positive voltage spikes. The remain-

er of the initial circuit was left unchanged, except that additional

ain-setting resistors were added in parallel to the capacitors, ef-

ectively turning all integrator stages into active RC filters. 

In the final circuit, visible in Fig. 2 a, the linear feedback loop

omprises all three cascaded stages, whose output v 2 is fed back

o the first stage via the resistor R 9 . In the non-linear feedback

oop, the output v 3 of the second stage enters a separate gain

tage whose output, in turn, sets the voltage across the memris-

or through an operational amplifier in voltage-follower configura-

ion. The memristor current flows entirely through the resistor R 1 ,

hus contributing with a non-linear term to the voltage signal v 4 ,

hich sums the offset U , the memristor voltage v (M) and the volt-

ge drop R 1 i 
(M) . This signal closes the non-linear feedback loop by

ntering the first RC stage through the variable resistor R 3 , which

cts as the primary control parameter throughout the experiments.

hile in the initial circuit C 1 = C 2 = C 3 , here C 1 = C 3 ≈ 2 C 2 , further
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Fig. 2. The proposed chaotic oscillator based on a self-directed channel memristor. a) Schematic of the circuit. b) Picture of the physical realization, showing the ceramic- 

packaged memristor on the left. The top and bottom potentiometers on the right control, respectively, U and R 3 . The nominal component values ( ± 5% and ± 10% tolerance 

for R and C , respectively) were set to R 2 = 10 k �, R 3 = 3.7 k �, R 4 = R 5 = R 7 = R 9 = 1 k �, R 6 = 22 k �, R 8 = 33 k �, R 10 = 47 k �, R 11 = 100 k �, C 1 = C 3 = 47 μF, and C 2 = 

22 μF. R 1 was set to R 1 = 68 k � and R 1 = 100 k � for experiments with the tungsten- and carbon-based devices; accordingly, the offset was set to U = 0 . 43 V and U = 0 . 55 V . 

All operational amplifiers are type TL082 (STmicroelectronics SpA, Agrate Brianza MI, Italy). Power supply is ± 8 V. Signal recording probes were removed for clarity. 
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shaping the frequency response of both loops. This choice, as well

as the determination of the other component values, may be not

critical and was driven by comprehensive preliminary experiments

conducted using the tungsten-based memristor. 

Applying Kirchhoff’s laws and the relationships valid for ideal

operational amplifiers, one gets ⎧ ⎪ ⎨ 

⎪ ⎩ 

d v 1 
d t 

= 

1 
C 1 

(
− v 1 

R 4 
− v 2 

R 9 
− v 4 

R 3 

)
d v 2 
d t 

= 

1 
C 3 

(
− v 2 

R 8 
− v 3 

R 7 

)
, 

d v 3 
d t 

= 

1 
C 2 

(
− v 1 

R 5 
− v 3 

R 6 

) (1)

where 

v 4 = − R 11 

R 10 

v 3 + R 1 i 
(M) ; (2)

it should be borne in mind that, as clarified in Sec. IV, the relation-

ship between v (M) and i (M) involves a fourth state variable internal

to the memristor. 

Owing to its structural simplicity and the absence of any high-

frequency or high-impedance nodes, the circuit was constructed
Fig. 3. Experimental results from the tungsten-based memristor. a) Time-series of the no

to a constant voltage, is additionally shown to represent the recorded noise baseline. c) C

onto multiple planes. 
n a plug-board using type TL082 operational amplifiers, discrete

esistors, and capacitors, alongside two potentiometers controlling

 and R 3 , and the memristors described in Section 2 . Signals at

he relevant nodes, including v 1 , v 2 , v 3 , v 4 and the memristor ter-

inals, were digitized at 16-bit, 5 kSa/s using a data acquisition

ard (type U2353A, Keysight Inc., Santa Rosa CA, USA) for 480 s,

ielding 2.4 million points per run. The viability of the circuit for

haos generation was tested repeatedly using three tungsten-based

nd three carbon-based memristors, confirming the reproducibil-

ty of the findings. Here, for brevity, only one representative ex-

mple of each is presented, and the corresponding raw data are

reely available from Ref. [38] . It should be noted that U and R 3 
ad to be tuned manually using a heuristic procedure, to account

ot only for the manufacturing and forming variability but also for

inor variations in the trajectory of the manual adjustment pro-

ess, which eventually impacted the memristor parameters. 

Visual inspection of the time-series for v 1 , v 2 , v 3 and v 4 
 Figs. 3 a and 4 a) revealed irregular oscillation, manifest primar-

ly with cycle amplitude fluctuations alongside a strong harmonic

omponent, which was readily apparent also in the frequency
de voltages v 1 . . . v 4 . b) Corr esponding fr equency spectra, wher ein the sour ce U , set 

urrent-voltage plot of the pinched hysteresis loop. d-h) Projections of the attractor 
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Fig. 4. Experimental results from the carbon-based memristor. a) Time-series of the node voltages v 1 . . . v 4 . b) Corresponding frequency spectra, wherein the source U , set 

to a constant voltage, is additionally shown to represent the recorded noise baseline. c) Current-voltage plot of the pinched hysteresis loop. d-h) Projections of the attractor 

onto multiple planes. 

s  

s  

m  

r  

fl  

{  

e  

f  

o  

v  

h  

s  

D  

m  

t  

w  

(  

o  

t  

o  

s  

s  

f  

v  

w

 

t  

p  

Y  

t  

b  

t  

p  

S  

[  

c  

s  

t  

p  

p  

d

 

λ  

a  

t  

λ  

y  

c  

b  

i  

e  

o

4

 

w  

r  

v  

r  

m  

c

4  

m  

v  

t  

a  

p  

f  

a  

c

 

S  

s  

c  

l  

t  

W  

t  

t  

m  
pectra ( Figs. 3 b and 4 b). For both realizations, the broadband

pectra featured a dominant peak at ≈ 5 Hz, marked higher har-

onic contributions, and detectable content up to 50 Hz. The

elatively low frequency where the dominant peak is found re-

ects the characteristic frequencies of the active filters, namely f =
 3 . 4 , 7 . 2 , 3 . 4 } Hz (neglecting the non-linear path), and is also influ-

nced by the temporal scale at which the memristor non-linearity

ully develops, considering that the linear loop itself would not

scillate in isolation. Qualitatively, the time-series for v 1 , v 2 and

 3 appeared sine-like, whereas that for v 4 featured positive spikes

aving large and variable amplitude, and appearing in the form of

udden divergence from the positive half-wave ( Figs. 3 a and 4 a).

ue to the amplitude fluctuations, the current-voltage plot for the

emristor consisted not of a limit-cycle loop but was “filled” and

hus acquired a peculiar butterfly-like appearance, whose wings

ere considerably more asymmetric for the carbon-based device

 Fig. 4 c) than the tungsten-based device ( Fig. 3 c). The projections

f the attractor onto several planes ( Figs. 3 d-h and 4 d-h) illus-

rated its spiral, phase-coherent structure, which was reminiscent

f paradigmatic cases such as the Rössler system [39] . Crucially,

aturation never occurred at any node in this circuit, the mea-

ured voltages remaining well below the supply rails; the only in-

requent exceptions were excessively large positive spikes at node

 4 , found exclusively for the carbon-based memristor circuit, which

ere well-separate and occurred only for isolated cycles. 

To confirm the chaotic behavior of the circuit, the entire spec-

rum of Lyapunov exponents λ1 ... λ4 was calculated (values re-

orted verbatim without normalization), from which the Kaplan-

orke dimension D KY was obtained. Since voltages corresponding

o the four state variables were directly accessible, time-lag em-

edding could be skipped, parsimoniously avoiding any assump-

ions about the lag δ and order m . Instead, the state vector was ex-

ressed directly as x = { v 1 , v 2 , v 3 , v 4 } , and the method of Sano and

awada [40] , as implemented in the TISEAN package (ver. 3.0.1)

41,42] , was applied. To attenuate the effects of noise and dis-

retization, the time-series, which were initially considerably over-

ampled, were smoothed via a moving average of 20 points, de-

rended, and finally decimated by a factor of 10. The Lyapunov ex-

onents were independently estimated over 8 segments of 30,0 0 0

oints each, from which the average was taken, and the standard
eviation was assumed as an estimate of random error. s  
For the case of the tungsten-based memristor ( Fig. 3 ),

1 = 0 . 011 ± 0 . 0 03 , λ2 = −0 . 0 04 ± 0 . 001 , λ3 = −0 . 032 ± 0 . 005 ,

nd λ4 = −0 . 10 ± 0 . 02 , yielding D KY = 2 . 21 ± 0 . 09 . Using

he carbon-based memristor ( Fig. 4 ), λ1 = 0 . 019 ± 0 . 005 ,

2 = 0 . 002 ± 0 . 001 , λ3 = −0 . 06 ± 0 . 02 , and λ4 = −0 . 41 ± 0 . 05 ,

ielding D KY = 2 . 40 ± 0 . 22 . In both cases, λ1 > 0, confirming

haoticity, furthermore λ2 ≈ 0, which, allowing for possible

iases while calculating the Lyapunov exponents from exper-

mental data, agrees with the predicted presence of one zero

xponent. The attained attractor dimension, D ≈ 2, was indicative

f low-dimensional chaotic dynamics. 

. Mathematical model 

Realistic memristor modeling is an intricate issue addressed

ith approaches of different com plexity and accuracy. Very accu-

ate accounts capture the physical processes occurring in the de-

ice, making it possible to simulate the behavior under a wide

ange of realistic scenarios. However, such models usually include

any parameters that are difficult to tune, and result in a heavy

omputational load when instanced in an oscillating circuit [43–

5] . For this reason, more compact models, suitable for use with

ainstream circuit simulators and equation solvers, have been de-

eloped; they provide a stylized behavioral description in terms of

he i - v device characteristics, and are often derived under the ide-

lized assumption of symmetric drive [46–48] . This represents a

otential obstacle because, in experimental scenarios particularly

or autonomous circuits, the application of a non-zero average volt-

ge may quickly occur due to offsets or saturation, and unavoidably

ause a drift in the non-volatile device parameters. 

A broad range of models suitable for differential equation- and

PICE-based simulation have been introduced and are comprehen-

ively reviewed in Ref. [49] . Here, as the focus was not on numeri-

al simulation but obtaining an experimentally-viable chaotic oscil-

ator using an empirical approach, no effort s were t argeted at de-

ermining the most appropriate one among the available models.

e outright adopted the mean metastable switch (MMS) memris-

or model, a stochastic representation specifically developed to fit

he self-directed channel memristor properties and advised by the

anufacturer [50,51] . For brevity, here we only report numerical

imulations of the equation-based model, but similar results could
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Fig. 5. Simulated chaotic attractor from the mathematical model of the memristor- 

based chaotic circuit, Eqs. (8) –(10) . Projections of the attractor on the a) y 2 − y 1 and 

u − y 3 planes. 
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be obtained with the LTSpice circuit simulator, and the corre-

sponding netlist is available in Ref. [38] . 

According to this model, the conductance of the memristor is

described by G = w/R ON + (1 − w ) /R OFF , where R ON and R OFF are

the on and off resistances of the device, and w ∈ [0, 1] is a dy-

namical variable accounting for its internal state. The memristor

current is given by 

i (M) = (w/R ON + (1 − w ) /R OFF ) v (M) . (3)

The dynamics of the memristor internal variable are represented

as 

d w 

d t 
= 

1 

τ
f 
(
v (M) , w 

)
, (4)

where 

f (x, w ) = 

1 − w 

1 + e −(x −V ON ) /V T 
− w 

(
1 − 1 

1 + e −(x + V OFF ) /V T 

)
(5)

Here, V T = q/KT with q being the elementary charge, K the Boltz-

mann constant and T the temperature, while τ , V ON , and V OFF 

are three further model parameters representing the device time

constant and the hysteretic threshold voltages. In the simulations

which follow, we assumed V T = 25 . 7 mV and, to empirically repre-

sent the properties of the tungsten-based memristor in the pro-

posed circuit, we fixed R ON = 5 k �, R OFF = 100 k �, τ = 0 . 1 ms ,

 ON = 0 . 50 V and V OFF = 0 . 40 V ; these settings are not critical. 

The system in Eq. (1) can be rewritten as ⎧ ⎪ ⎨ 

⎪ ⎩ 

d v 1 
d t 

= 

1 
RC 1 

(
− R 

R 4 
v 1 − R 

R 9 
v 2 − R 

R 3 
v 4 

)
d v 2 
d t 

= 

1 
RC 1 

(
−C 1 

C 3 

R 
R 8 

v 2 − C 1 
C 3 

R 
R 7 

v 3 
)
, 

d v 3 
d t 

= 

1 
RC 1 

(
−C 1 

C 2 

R 
R 5 

v 1 − C 1 
C 2 

R 
R 6 

v 3 
) (6)

wherein R = 1 k � represents a fictitious resistor introduced for

rescaling the physical variables into dimensionless quantities. In

particular, we consider y 1 = v 2 / V , y 2 = v 3 / V and y 3 = v 1 / V , along-

side a rescaled time ˆ t = ˆ τ t, with ˆ τ = RC 1 . 

Let us also introduce the following dimensionless parameters 

a 11 = −C 1 
C 3 

R 

R 8 

a 12 = −C 1 
C 3 

R 

R 7 

a 22 = −C 1 
C 2 

R 

R 6 

a 23 = −C 1 
C 2 

R 

R 5 

a 31 = − R 

R 9 

a 33 = − R 

R 4 

, 

b = 

R 11 

R 10 

c = 

R 

R 3 

(7)

from which one gets 

d y 1 

d ̂

 t 
= a 11 y 1 + a 12 y 2 

d y 2 

d ̂

 t 
= a 22 y 2 + a 23 y 3 , 

d y 3 

d ̂

 t 
= a 31 y 1 + a 33 y 3 − cu 

(8)

wherein 

u = −by 2 

(
1 + w 

R 1 

R ON 

+ ( 1 − w ) 
R 1 

R OFF 

)
. (9)

where without loss of generality we have set U = 0 . 

In addition, the equation for the dynamics of the memristor be-

comes: 

d w 

d ̂

 t 
= 

ˆ τ

τ
f ( −by 2 , w ) , (10)

Readjusting the control parameters without loss of generality,

namely setting R 1 = 15 k � and R 3 = 4 . 3 k �, yields the follow-

ing settings for the dimensionless model: a = −0 . 0303 , a = −1 ,
11 12 
 22 = −0 . 0971 , a 23 = −2 . 1364 , a 31 = −1 , a 33 = −1 , b = 2 . 1277 , c =
 . 2326 . This re-tuning became necessary due to the approxima-

ions introduced by the memristor model, which only captures

he main non-linear features, disregarding the complex phenom-

na exemplified in Section 2 . Another relevant factor to take into

ccount is the lack of knowledge about the initial status of the

emristor, reflected into the initial conditions of the variable w .

s shown below, this determines different behaviors in the math-

matical model. 

For these parameter settings, integrating Eqs. (8) - (10) yields the

haotic attractor shown in Fig. 5 , which is qualitatively in good

greement with the experimental results presented in Section 3 ,

lbeit with slightly different geometry. To confirm chaoticity, the

pectrum of Lyapunov exponents was obtained directly from the

ifferential equations and linearization of the system, via solv-

ng the corresponding variational equation and iteratively applying

he Gram-Schmidt orthonormalization [52] . The system was inte-

rated with the explicit Runge-Kutta (4,5) pair [53] , setting rel-

tive and absolute precision to 10 −8 and 10 −10 respectively, up

o t max = 100 / (RC 1 ) . The initial conditions were set to y 1 = 0 . 2

nd y 2 = y 3 = w = 0 . Chaoticity was confirmed via obtaining λ1 =
 . 086 ± 0 . 0 01 , λ2 = −0 . 0 0 04 ± 0 . 0 0 04 , λ3 = −0 . 787 ± 0 . 002 , and

4 = −4 . 036 ± 0 . 056 . The corresponding Kaplan-Yorke dimension

as D KY = 2 . 11 ± 0 . 01 , which is remarkably close to the values ob-

erved experimentally. 

Notably, removing the resistors R 6 and R 8 from the circuits

ields a 11 = a 22 = 0 , such that the governing equations can be

ewritten in a jerk-like form [54] 

¨
 − a 33 ̈y − a 12 a 23 y + a 12 a 23 cu = 0 , (11)

ith y = y 1 and wherein chaos could be readily recovered by ad-

usting the setting of a single parameter, namely, R 10 = 37 k �, or

 = 2 . 703 . 

A systematic analysis of the model behavior was carried out by

umerically calculating the bifurcation diagrams for the parame-

ers b and c . The results are shown in Fig. 6 a and b for the full

odel and in Fig. 6 d and e for the jerk-like version. These dia-

rams reveal an evident period-doubling route to chaos, with in-

ertwined narrow windows of periodicity. The chaotic attractor dis-

ppears through a crisis due to the stabilization of a fixed point.

uite interestingly, the system behavior strongly depends on the

nitial condition of the memristor internal variable, such that, for

nstance, the crisis bifurcation point changes with w (0). This fea-

ure appears in other chaotic systems based on memristors and

ow confirmed in a real experiment model, leading to two signif-

cant characteristics, i.e., multistability and bifurcation without pa-

ameters [55] . The latter is highlighted in Fig. 6 c and f, wherein the

ystem behavior is studied varying w (0) while maintaining fixed

arameter settings. At distinct values of w (0), the system may dis-

lay totally different behaviors: for example, it may bifurcate from

table equilibrium to chaos and viceversa ( Fig. 6 c), or generate



L. Minati, L.V. Gambuzza and W.J. Thio et al. / Chaos, Solitons and Fractals 138 (2020) 109990 7 

Fig. 6. Bifurcation diagrams (in black) and maximum Lyapunov exponent (in red) from the models of the memristor-based chaotic circuit. a) and d) Bifurcation with respect 

to parameter c , keeping b = 2 . 1277 . b) and e) Bifurcation with respect to parameter b , keeping c = 0 . 2326 . c) and f) Bifurcation without parameters: all model parameters 

fixed ( b = 2 . 3 and c = 0 . 2326 in c, b = 2 . 614 and c = 0 . 2326 in f), while the initial condition of the memristor internal variable w (0) is varied. For panels a-c), which stem 

from the full model, a 11 = −0 . 0303 and a 22 = −0 . 0971 ; for panels d-(f), which refer to the jerk-like mode, a 11 = a 22 = 0 . (For interpretation of the references to colour in this 

figure legend, the reader is referred to the web version of this article.) 
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indows of periodicity intercalated with weakly chaotic behavior

 Fig. 6 f). 

Another remarkable consideration that emerges from the anal-

sis of the bifurcation diagrams in Fig. 6 is the extent of the re-

ion wherein chaotic behavior appears. Referring, for instance, to

he bifurcation diagram with respect to parameter c ( Fig. 6 a), we

otice that chaos appears for c ∈ [0.23, 0.24], which corresponds

o quite a narrow interval of the corresponding physical parameter,

amely, R 3 ∈ [4170, 4350]. This contrasts with the results from Ref.

37] , wherein a robust chaotic circuit was obtained from a circuit

rchitecture involving two feedback loops and a single non-linear
omponent realized by a diode, and suggests that the non-linearity

lays a prominent role in determining the circuit robustness. The

hysical memristors under consideration appear able to generate

haos, however, future devices with improved non-linear charac-

eristics could lead to a more robust chaotic circuit. 

. Conclusions 

The interest in memristors as foundational elements for chaotic

scillators flows from multiple directions. On the one hand, as

laborated in Sec. I, they are the only fundamental two-terminal
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electronic component that is non-linear. On the other hand, they

also have an inherent appeal as building blocks of complex sys-

tems and networks from a multidisciplinary perspective. In nat-

ural systems, from the scale of a cell receptor through that of a

brain and eventually an entire ecosystem, non-linearity and mem-

ory are both fundamental and pervasive features. The relation-

ships between physical, such as physiological, variables are almost

invariably non-linear, and adaptability is eventually always sub-

served by means through which dynamics can impart a lasting im-

pact on the structural properties of a system such as its parame-

ters, as observed, for example, from synaptic plasticity all way up

to the diversified evolution of species [56–58] . Because resistors,

inductors and capacitors are all linear and static in their physi-

cal properties, memristors acquire, at least in principle, a unique

relevance in bridging electronic engineering towards paradigms

closer to true biological inspiration. Of note, semiconductors such

as diodes, alongside countless other devices such as gas-discharge

tubes, readily offer a vast catalog of non-linear relationships, but

the intrinsic memory aspect remains lacking [59] . 

The simple memristor-based chaotic circuit discussed in this

paper was designed following a bottom-up approach, which was

predicated upon an experimental investigation of the realistic de-

vice features. Many of these can be elusive to model but are nev-

ertheless crucial for obtaining a viable oscillator. The inability to

observe the internal variable, and the manufacturing variability

alongside non-volatile, even partially irreversible, changes further

reduce the practical usefulness of memristor behavioral models in

illuminating the way towards the design of a circuit that functions

when experimentally realized. Physics-based models do not alle-

viate this problem substantially, because their greater realism re-

quires assumptions regarding a large number of parameters, which

are in themselves highly variable and not straightforward to mea-

sure. In the case of the present study, pursuing a search-based ap-

proach such as the one which was successfully applied to the de-

sign of transistor-based chaotic circuits in Ref. [60] , produced con-

figurations most of which, in the laboratory, even failed to sustain

oscillation (not reported herein for brevity). This situation moti-

vated the choice of a bottom-up strategy. The search for a suitable

architecture was not trivial, as many attempts generated circuits

wherein there was no chaotic behavior, or the memristor under-

went irreversible changes or played no discernible role, for exam-

ple because of the onset of saturation. Although only anecdotal,

our experience suggests that the use of physical memristors even

in well-behaved chaotic architectures such as Saito’s circuit [61] , is

far from straightforward. The architecture based on two feedback

loops, introduced in Ref. [37] , appeared to combine some desirable

features for realizing a memristor-based chaotic circuit. In this re-

spect, it should be clear that the purpose of this study was neither

attempting to improve it, nor reaching any general conclusion re-

garding methods for designing a memristor-based chaotic circuit,

nor conducting a systematic investigation across multiple topolo-

gies. More modestly, we aimed to identify one self-contained au-

tonomous circuit suitable for generating chaos using as the sole

source of non-linearity a physical memristor. 

It appears noteworthy that the architecture introduced in Ref.

[37] could be used to design a memristor-based chaotic oscilla-

tor simply by replacing the diode in the original configuration

with a first-order memristive diode bridge as shown in Ref. [23] .

However, while such a diode bridge is a memristive system [62] ,

the converse is not true since real memristors, in general, are not

diode bridges. Hence, while a diode bridge-based memristive sys-

tem can be straightforwardly used in the original configuration of

Ref. [37] in place of the single diode to obtain a chaotic circuit,

the same is not true for the self-directed channel physical mem-

ristor, which instead required significant changes in the configura-

tion. This juxtaposition confirms that using a real memristor is a
onceptually different task compared to instancing idealized mod-

ls or electronic analogues of the same. 

Although the proposed circuit contains multiple operational

mplifiers, chaos has to be uniquely attributed to the non-linearity

f the memristor. When working outside of their linear operating

egion, operational amplifiers might elicit a non-linearity strong

nough to generate chaos, as, for instance, occurs in the cellu-

ar non-linear network implementation of the Chua’s circuit [63] .

ere, this possibility was excluded through comprehensive record-

ng and monitoring of all circuit nodes. Further confirmation of the

entral role of the memristor non-linearity comes from the math-

matical model of the circuit, which assumes that all amplifiers

perate linearly and yielded chaotic behavior qualitatively similar

o the experimental observations. Another degenerate possibility

hat should be mentioned is that the memristor could be operating

s a static non-linearity, similarly, for example, to a diode. A con-

ern arises because the circuit contains three capacitors and, there-

ore, in itself possesses sufficient dimensionality for chaos genera-

ion even without the internal state variable of the memristor. It is,

owever, readily dissipated by observing the characteristic pinched

ysteresis loops, additionally enriched by the chaotic dynamics,

hich evidently do not delineate a relationship between the mem-

istor voltage and current that could be ascribed to a function,

ven a non-linear one: as expected, a time-dependency of the non-

inearity is present, indicating that the device behaviour cannot be

rivially accounted for by a function, but requires a functional. 

In summary, our results provide experimental evidence of

he suitability of currently commercially-available memristors for

uilding an autonomous chaotic circuit. This motivates their con-

ideration for use in other chaotic architectures, including those

ased on more than one memristor [29] , and, more importantly,

n the broader context of non-linear dynamics. For instance, re-

ent theoretical results indicate that adaptive consensus and syn-

hronization could be reached in networks of dynamical systems

oupled via memristors [64,65] . On the other hand, it should be

cknowledged that the low-dimensional dynamics observed here

re characterized by features largely overlapping with the phase-

oherent attractors readily generated by some previously well-

nown circuits, such as single-transistor oscillators, which are also

tructurally considerably simpler [60,66] . Nevertheless, our results

ave the way for convenient small-scale laboratory experimenta-

ion of memristor-based circuits with adaptive parameters, and

dditionally have notable educational value in finally providing a

latform for demonstrating the possible practical use of memris-

ors in chaos generation. 
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