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Optimization of F-'Iheta Pumping 

J. c. Sprott 

I. Introduction 

A difficulty with current drive by F-'Iheta pull'ping in an RFP is 
that when sufficiently high oscillating voltages are applied to the 
gaps to provide the desired rectified dc voltage to sustain the plasma, 
reversal may :be lost during a portion of the cycle if F swings 
positive. This loss of reversal will likely raise the plasma 
resistance, producing an effect opposite to the one sought. Here we 
calculate using the Polynomial Function Model (PFM) 1 the variation of F 
that ac:::c::onpmies steady-state F-'Iheta pumping and the conditions under 
which this variation is mimimized. Conceptual design exrurples are 
provided for MST running both as an RFP and as a tokamak. 

II. Polynomial Function Model 

Reference 1 [Eq. (43)] considers a case in which the toroidal and 
poloidal gap voltages are given by 

Vt = Vt cos wt 

Vp = vp cos(wt - ¢) 

'!he condition for maintaining a plasma with resistance Rp at current Ip 
is given [Eq. (49)] by 

IpRp = 9vtvpe2SIDp / (5+l(Je2)J.'o&>Ip 

where a is the minor radius. 'Iheta is given by 

9 = JLoIpa / 2� 

and � is the toroidal magnetic flux. 'Ihe flux and plasma current have 
superimposed on their average values oscillatory parts [Eq. (44)] given 
respectively by 

c5� = Vt sin wt / w 

and 

c5Ip = VpSinCwt-cp) /wL - AVtsin(wt) /wL 

where [Eq. (26)] 
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and [Eq. (28)] 

and Ro is the major radius. '!he F-theta relation for the PFM is given 
approximately [Eq. (17)] by 

F = 1 - e2/2 

'!here are a number of approximations in the above equations which are 
discussed in reference 1. 

III. Perturbation Analysis 

'!he quantity we want to calculate is the magnitude of the 
oscillation in F, which we will denote by I6'F I • '!he calculation is 
carried out to first order in the amplitude of the oscillations which 
are asstnned small COl'l'prred to the equilibrium values. '!he result is 

loFI = 9[(5+10e2)MoaRp(c2/a+a-2000s¢)/�S�]�/3L 

where 

and 

c = A + 2W/1J.cj!! 

'!he first significant new result is that there is an optimum ratio (a) 
for the oscillating voltages on the two gaps that mimimizes I6'FI, 
detennined by setting d I6'F I Ida equal to zero, and this optimum ratio is 
a function only of theta am the aspect ratio: 

a = C = 4Roe(1-e2)/a(8+3e3) + 9Ro9(2+3e2)/4a(6+92) 

For MST (Ro/a = 1.5/0.52) at 9 = 1.6, the result is about a = 10.3. 
For an RFP, most of the oscillating voltage should thus be applied to 
the peloidal gap. '!he quantity aa/Ro is plotted versus e in Fig. 1. 
For the optimum value of a, the expression for IOF I siIrplifies 
somewhat: 

I6'FI = (2e/3L)[C(5+10e2)�/ws�]�sin(¢/2) 

We can now ask what is the optimum ¢ for smallest I6'F I • Fig. 2 
shows a graph of sin(¢/2)/[Smp]� which represents the phase-dependent 
part of the above expression. It rises nonotonica.lly fran zero at ¢ ;:;;;: 
o to infinity at ¢ = 180°. '!here is no real solution for 180° < ¢ < 

360° since that represents negative heating. With a phase angle of 
zero, F does not vary . '!his case corresponds to the plasma current and 
toroidal flux oscillating in phase so that theta (and hence F) remain 
constant. However, with cp small, the oscillating voltages required 
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become very large, which poses technical carrplications in addition to 
the plasma physics issues involved with large oscillations of Ip and t. 
It is probably best to keep ¢ near 900 where the voltage requrrements 
are minimum, in which case the variation of F siIrplifies further to: 

1 6F I = [Rp/w�ORo]� G(e) 

where G(e) is a dimensionless function of theta given by 

G(e) = [169(6+e2)/27(2+3e2)]{ [2e(1-e2)/(8+3e3)+ge(2+3e2)/8(6+e2)]( 5+1oa2)}� 

with a value of about 6.2 at e = 1.6 and whose graph is shown in Fig. 
3. 

'Ihus :minimizing 1 6F I a:DX>U!1ts to minimizing PP/w since e is 
constrained to a narrow range for RFP operation and J.£oRo is a constant 
with units of inductance and equal to 1.885 IJH for MST . 'Ihus we 
require low plasma resistance and high frequency. '!he frequency is 
limited by the requirement that field-line recormection occur faster 
than the time scale of the oscillation so that the plasma relaxes to 
its preferred F-G value. As a design exanple, take w = 21l' X 1000 Hz 
and Rn = 10V / 500 kA. '!hen 1 6F I is 0.25. 'Ihus we might operate with 
F = -n.25 and swing from F = 0 to -0.5. '!hese values are consistent 
with e = 1.6 according to the PFM. '!he voltages required are 

vp = CVt = (Ip/3e) [�RpC(5+1oa2)/sin¢]� 

which for this case with ¢ = 900 is a.:bout vp = 530 volts and Vt = 51 
volts. '!he ac i:rrp:rlances of the circuits are 

Zp = [-(AwL/a)sin¢+jwL(l-(A/a)cos¢)] / [l+A2/a2-2(A/a)cos¢] 

where 

For a = C and the other parameters as above, the numerical values for 
MST are 

Zp = 2.04 + 14.8j ron 

zt = 0.18 + 0.16j ron 
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N. Numerical Analysis 

In order to test many aspects of the predictions including 
algebraic errors and the neglect of higher order tenns, the calculation 
was repeated numerically by successive iteration of the follOirling 
system of equations: 

Initialize Ip' �, t 

e = JLoIpa / 2� 

L = 9�0R0(2+3e2) / 8(6+92) 

A = 4R08(1-e2) / a(8+3e3) 

d�/dt = Vt cos wt 

dIp/dt = [Vpcos(wt-cp)-AVtcos(wt)-IpRpJ / L 

'!he equations were solved using the forward Euler method with lI.t = 
0.156 �s. '!he results are practically indistinguishable from the 
solution with lI.t = 1.56�. Initial values at t = 0 were taken as Ip = 

500 kA and � = 0.102 Wh. other parameters used were Ro = 1.5 ro, a = 

0.52 ro, w = 2n x 1000 Hz, cp = 900, and Rn = 20 J,Lfl. 'lWo cases were 
examined, one with vp = Vt = 0 and a secooo with vp _ = 530 V and Vt = 51 
V. '!he second case corresponds to the one for which the perturbation 
analysis predicts a constant average plasma current and a field 
reversal parameter that barely remains negative. The result is shown 
in Fig. 4. '!he numerical result is slightly more optimistic than the 
perturbation analysis, presumably because of higher order tenns that 
were neglected in the perturbation analysis. Note that when averaged 
over a cycle, the toroidal flux � is constant, and so if the plasma 
current decays, theta will decrease and F will l::lecome more positive as 

seen in the figure. '!he numerical code has also been used to 
corroborate various qualitative aspects of the perturbation analysis 
such as the dependence on cp, a, and 9. 

'!he parameters of the numerical calculation were varied slightly 
by trial-and-error to obtain a case in which the plasma current is 
constant with an average value of 500 kA. '!his required an initial 
plasma current of Ip = 471 kA and gap voltages of vp = 440 V and Vt = 

42 volts. 'lhese voltages are about 17% lower t:han predicted by the 
perturbation analysis. '!he result in Fig. 5 shows a constant plasma 
current and a field-reversal parameter that remains comfortably 
negative. The gap ac irrpedances deduced from the phase and anplitude 
of the numerically calculated SIp and OIt agree with the perturbation 
analysis to the order of 1%. The parameters for this case are taken as 
the MSI' F-'Iheta pumping design example (RFP) and are sununarized in 
Table I. 

Note that there is a 25% error in the pOirIer balance (Pp + Pt .;. 
Ip2�) presumably resulting from the approximations usecl for the 
variation of L, A, and F with 9. '!he Polynomial Function Model should 
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conserve energy exactly since that is one of its input assumptions. 
This error is in a direction such. as to offset the difference between 
the numerical calculation and the perturlJation analysis. '!hus the 
perturlJation analysis may fortuitously be more accurate than it 
appears. 

V. Tokamak Case 

F-'Iheta punpi.n;1 might also provide current drive in a tokamak. 
'!here is nothi.n;1 in the precedi.n;1 analysis that is special to an RFP. 
'!he only asstmption is that there is a preferred current density 
profile that the plasma. relaxes to on a time scale shorter than the 
period of the oscillation. '!he toroidal current density profile 
assumed by the PFM for a tokamak with q = 2. S at r = a is shown in Fig. 
6. It is only slightly broader than what it typically observed in 
tokamak. experiments. '!hus the calculation follows through in the same 
fashion as above except for a change in terminology. In the tokamak 
case, there is little concern with the field reversal parameter F which. 
is very close to unity. However, the safety factor q l1U.lSt remain 
comfortably high. '!he safety factor at r = a is related to 9 by 

q=a/%8 

For small theta, the F-theta curve is given more accurately by 

F = 1 - 392/8 

'!he quantity we want to calculate is the magnitude of the oscillation 
in q, which. we will denote by I oq I. '!he calculation is carried out to 
first order in the anplitude of the oscillations which. are assumed 
small canpared to the equilibri\.Bll values. '!he result is 

oq = 4qoF / 392 

As with the RFP, there is an optimum ratio (a) for the oscillati.n;1 
voltages on the two gaps that mimimizes I oq l , and this optiromn ratio is 
a function only of theta (or q) and the aspect ratio: 

a = C = 4RQ9 (1-e2)/a (8+3a3) + 9RQ9 (2+3a2)/4a (6+92) 

For MET (RQ/a = 1. S/0. S2) at q = 2. S (9 = 0. 1387) , the result is about 
a = O. S 04. This means that most of the voltage should be applied to 
the toroidal gap. As pointed out in reference 1, the poloidal gap can 
be connected to a passive element (i. e. , it need not be driven 
directly) in the tokamak case . 

As a design example, 
1V / 216 kA. '!hen I oq I 
and swi.n;1 from q = 2. 08 
volts and Vt = 230 volts. 

take <Bt> = 0. 6 T, w = 21T X 1000 Hz and Rn = 
is 0. 42. '!hus we might operate with q = 2. S  
to 2. 92. '!he voltages required are vp = 116 

'!he ac impedances of the circuits are 
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Zp = -1.54 + 3.96j ron 

and 

zt = 0.021 + 0.696j ron 

The nega.ti ve real part of Zp means that ohmic power exits the poloidal 
gap , and thus it can be oonnected to a passive element with an 
impedance -Zn (i.e., a series RC or parallel RL). All the power is fed 
in through tfie toroidal gap . 

In order to test many aspects of the predictions including 
algebraic errors and the neglect of higher order terns, the calculation 
was repeated numerically as for the RFP case . Initial values at t = 0 
were taken as Ip = 216 kA and t = 0.51 Wb. other parameters used were 
Ro = 1.5 ro, a = 0.52 ro, w = 271 X 1000 Hz, cp = 900, and Rp = 4.63 J..1Il. 
'lWo cases were examined, one with vp = Vt = 0 and a seoond with vp = 

116 V and Vt = 230 V. '!he seoond case corresponds to the one for wh1.ch 
the perturbation analysis predicts a constant average plasma current 
and a q that oscillates ±0.42 about 2.5. '!he result is shawn in Fig. 
7. As with the RFP case, the numerical result is slightly more 
optimistic than the perturbation analysis, presumably because of higher 
order tenus that were neglected in the perturbation analysis. The 
numerical ccx:ie has also been used to oorroborate various qualitative 
aspects of the perturbation analysis such as the dependence on cp, a, 

and q. 

'!he parameters of the mnnerical calculation were varied slightly 
by trial-and-error to obtain a case in which the plasma current is 
constant with an average value of 216 kA. This required an initial 
plasma current of Ip = 200 kA and gap voltages of vp = 71 V and Vt = 

140 volts. These voltages are about 39% lower than predicted by the 
perturbation analysis. The result in Fig. 8 shows a constant plasma 
current and a safety factor that remains comfortably high. The gap ac 
impedances deduced from the phase and amplitude of the numerically 
calculated oIp and oIt agree with the perturbation analysis to the 
order of 1%. The parameters for this case are taken as the MSl' F-'lh.eta 
purrping design exa:nple (tokamak) and are summarized in Table II. 

VI. Conclusions 

with proper optimization, F-llleta Pllllping appears possible (though 
marginal) in MSl' in both the RFP and tokamak mcx:les provided reasonably 
lO'iN loop voltages are obtained and the plasma relaxes to a preferred 
current-density profile in a small fraction of the plasma L/R time 
(J1.ORo/f!p) • The gap voltage ratios and phases need to be accurately 

maintained, and the rf power must be equivalent to the ohmic power that 
it replaces. To maintain a true steady state, the toroidal field needs 
to be appropriately power-crowbarred. 
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Table I 

Quantity 

MSI' F-'Iheta Purrping Design Example (RFP case) 

Symbol Value 

Major radius 
Minor radius 
Characteristic inductance 
Ratio of vp/Vt 
A1rplitude of peloidal gap voltage 
A1rplitude of toroidal gap voltage 
Oscillation frequency 
Phase angle 
Field reversal parameter 
A1rplitude of F oscillation 
Dimensionless c5F 
pinch parameter 
A1rplitude of e oscillation 
Safety factor (at r=a) 
A1rplitude of q oscillation 
Toroidal flux 
A1rplitude of toroidal flux oscillation 
Average toroidal field 
Toroidal field at wall 
Peloidal field at wall 
oc current in toroidal field circuit 
A1rplitude of toroidal current oscillation 
Plasma current 
A1rplitude of plasma current oscillation 
Plasma resistive voltage 
Plasma resistance 
Plasma inductance 
Plasma coupling coefficient 
Peloidal gap ac impedance 
Toroidal gap ac iIrpedance 
Peloidal gap input power 
Toroidal gap input power 

Ro = 1.5 m 

a = 0.52 m 

JJ.ORo = 1. 885 JlH 
a = 10.3 
vp = 440 V 
Vt = 42 V 
f = 1000 Hz 
¢ = 90° 
F = -0.30 
Ic5FI = 0.21 
G = 6.2 
e = 1.6 
Ic5el = 0.132 
q = -0.217 
Ic5ql = 0.018 
t = 0.102 Wb 
Ic5tl = 0.0067 Wb 
<Bt> = 0.12 T 
Btw = -0.03 T 
Bow = 0.19 T 
rt--= -230 kA 
Ic5ltl = 180 kA 
I = 500 kA 
I �lpl = 29 kA 
VR = 10 V 
� = 20 J1Il 
L = 2.4 JlH 
A = -1.42 
Zp =_ 2.04+14.8j ron 
zt 0.18+O.16j ron 
Pp = 
Pt = 

874 kW 
2846 kW 
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Table II 

Quantity 

MSl' F-'Iheta Pumping Design ExaIrple (Tokamak case) 

Symbol Value 

Major radius 
Minor radius 
Characteristic inductance 
Ratio of vp/Vt 
Amplitude of poloidal gap voltage 
Amplitude of toroidal gap voltage 
Oscillation frequency 
Phase angle 
Field reversal parameter 
Amplitude of F oscillation 
Dimensionless of 
pinch parameter 
Amplitude of a oscillation 
Safety factor (at r=a) 
Amplitude of q oscillation 
Toroidal flux 
Amplitude of toroidal flux oscillation 
Average toroidal field 
Toroidal field at wall 
Peloidal field at wall 
DC current in toroidal field circuit 
Amplitude of toroidal current oscillation 
Plasma current 
Amplitude of plasma current oscillation 
Plasma resistive voltage 
Plasma resistance 
Plasma inductance 
Plasma coupling coefficient 
Peloidal gap ac impedance 
Toroidal gap ac impedance 
Peloidal gap input power 
Toroidal gap input power 

Ro = 1.5 m 

a = 0.52 m 

J.J.ORo = 1. 885 J.LH 
a = 0.504 
vp = 71 V 
Vt = 140 V 
f = 1000 Hz 
¢ = 90° 
F = 0.99 
1 0F I = 0.0015 

G = 0.162 
a = 0.14 
loal = 0.014 
q = 2.5 
loql 0.26 
I = 0.51 Wb 
1 01 1 = 0.022 Wb 
<at> = 0.6 T 
Btw = 0.59 T 
BrM - 0.083 T 

rt--=- 4.47 MA 1 0It i = 200 kA 
I = 216 kA 
I�Ip l = 16 kA 

VR = 1 V 
!1> = 4.63 #JO 
L = 0.725 J.LH 
A = 0.196 
� = -1.54+3.96j mO 
zt = 0.021+O.696j mO 
Pp = -213 kW 
Pt = 429 kW 
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Figure captions 

1. Ratio (a) of poloidal to toroidal oscillating voltages which 
optimize F-'lheta plll'lping versus 9 for a given aspect ratio Raja. 

2. A function proportional to the variation of F for a plasma held in 
steady state by F-'lheta ptnnping versus the phase angle between the 
oscillating voltages on the poloidal and toroidal gaps .  A small phase 
angle results in negligible variation of F rut requires enormous gap 
voltages. 

3. Dimensionless constant (G) used to predict the variation of F during 
F-'lheta pumping versus 9 for voltages whose ratio is optimized and 
whose phase difference is maintained. at ¢ = 90°. 

4. Plasma current (a) and field reversal parameter (b) resulting from 
numerical modeling of MSl' at an initial theta of 1.6 without F-'lheta 
pumping (smooth curves) and with F-'lheta plll'lping optimized according to 
the perturbation analysis (wiggly curves) . '!he perturbation analysis 
overestimates the F-'lheta ptnnping requirements (plasma current ranps up 
with ptnnping) . Without F-'lheta plll'lping, reversal is quickly lost 
because an ideal toroidal-field crowbar has been assumed, whereas the 
plasma current resistively decays. 

5. Plasma current (a) and field reversal parameter (b) resulting from 
numerical modeling of MSl' at an initial theta of 1.6 without F-'lheta 
pumping (smooth curves) and with F-'lheta purrping with the oscillating 
gap voltages adjusted to maintain an average steady state (wiggly 
curves) . Note that F remains comfortably negative, although its 
oscillation is large. 

6. Plasma current-density profile predicted by the Polynomial FUnction 
Model for a tokamak with q = 2.5. '!he profile is somewhat broader than 
is generally observed in tokamak experiments but not wholly 
unrealistic. 

7. Plasma current (a) and safety factor (b) resulting from numerical 
modeling of MSl' at an initial q of 2.5 without F-'lheta pumping (smooth 
curves) and with F-'lheta plll'lping optimized according to the 
perturbation analysis (wiggly curves) . The perturbation analysis 
overestimates the F-'lheta plll'lping requirements (plasma current ranps up 
with pumping) . Without F-'lheta plll'lping, q rises quickly because an 
ideal toroidal-field crowbar has been assumed, whereas the plasma 
current resistively decays. 

8. Plasma current (a) and safety factor (b) resulting from numerical 
modeling of MSl' at an initial q of 2.5 without F-'lheta pumping (smooth 
curves) and with F-'lheta purrping with the oscillating gap voltages 
adjusted to maintain an average steady state (wiggly curves) • Note 
that q remains comfortably above 2.0, although its oscillation is 
large. 
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