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AN ADMITTANCE PROBE
Clint Sprott

Introduction

This paper describes a type of probe which was developed
to study the effective capacitance and resistance of plasma
sheaths. In PLP 61, predictions are made about the sheath
resistance and capacitance of a floating electrostatic probe
under certain ideal conditions. The admittance probe has been
used with plasmas in the toroidal octupole to test the predic-
tions of PLP 61. 1In certain instances this type of probe may
prove a useful diagnostic tool, supplementing the usual Lang-
muir probe. Another interesting application of the admittance
probe is the measurement of hoop displacement in the totroid
when the magnetic field is pulsed.

The admittance probe is simply a conducting electrode
in contact with the plasma and connected across one leg of
a capacitance bridge. The circuit which is used with the
probe is shown in Figure 1. The plasma sheath is represent-
ed by a parallel RC circuit in series with a time dependent
voltage source Vf, equal to the floating potential. The
sheath is effectively connected across one leg of a capa-
citance bridge which is driven by a low level (Vo‘i 1 volt)
sine wave generator at frequency f. The bridge is balanced

so that there is no output voltage when no plasma is in con-
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tact with the probe tip. A time dependent R(t) or C(t)
then unbalances the bridge and produces a modulated RF
output signal which is amplified by a runed RF amplifier,
detected, and observed on an oscilloscope. The Fourier
component of Vf at frequency f is small enough (<< Vo)

that it can be neglected.

Theory of Operation

It is essential to understand how the amplitude and
phase of the RF output voltage depend on R and C. By Thevenin's

theorem, the bridge circuit can be redrawn as follows:
| | II \

% @) 2

1+ w RC
= Wiy _u
where VT 2 o[ 1+j mR(ZCO+C) 1.

2w1C << R.
Then we can disregard the R in the above circuit, and the

Now assume that we choose CO and w (= 2rf) such that

output voltage becomes
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But since Zmlc << R, this equation can be simplified to

o[ o j [ ltieRC
2l T +¢C jw R(2C +C)' o
o 1 o)
The amplitude of V is N
222
IV‘ =§[ Cc +C ][ 2.2 2] NO' 1)
o 1 & R (ZCO+C)

and the phase of V with respect to VO is
e = taﬁl( L )
wRC ‘

Hence by measuring mga and ©, one can determine the sheath

resistance and capacitance using the above equations since
Co’ Cl’ and , are known.
The admittance Y of the sheath is defined as the reciprocal

of the sheath impedance, or

v=Lli4c - LtiuRC
R R
which has a magnitude
1 + w2R2C2 3
IYI = [ 2 ' ]2 .
R

Making the additional assumption that C«< ZCO, we obtain the

particularly nice result,

11 .
4(» [ CO+C1] ‘VOI ‘Y' - o lYI o

In summary, the main result of this derivation is that,

v| =

for the admittance probe in Figure 1, the output voltage at

a given frequency is proportional to the sheath admittance,



e
and C<< ZCO. By choosing CO sufficiently

provided R>>%
large, both %giggtions are easily met at any frequency . The
sensitivity, however, decreases as Co is increased, so it is
advantageous to use a high frequency and make CO as low as
possible.

It should be pointed out that as the frequency f approaches

the electron plasma frequency,

_ 1 4mne
fpe B 21[ [ m

2 1 —_—3

12 =9 x 103 1/n(cm 3),
the inductance and resistance of the plasma outside the sheath
can no longer be neglected. At frequencies near or above f

pe
the impedance between the probe tip and ground can best be

| |
c |
——AMMMN—2200000 o probe
RP LP F‘

= AWM

where C is the same sheath capacitance as used before. The

s

represented by a series RLC circuit

. ‘ . . 1
sheath resistance R can be neglected since in general R>>(:~7?r
pe
The series resonance

i
= ; 2
Wy [LpC]
is expected to occur near the electron plasma frequency, and
this is the basis of operation of the resonance probelo

Since the admittance probe result was derived only for a
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parallel RC, it is not clear that the result holds for this
more complicated situation. In fact, it does as the following
derivation shows. Consider an arbitrary complex admittance

Y between the probe electrode and ground. Y may be any com-
bination of R's, L's, and C's that we choose, or it may be
some function which cannot be represented at all by a finite

number of circuit elements. Applying Thevenin's theorem gives
Vo, = =3V = 1.

o] [ Y+2juw CO
if we assume that [Yl<< 20 Co’ we obtain the result

Co Y
= - 1
v=-slened lagee ) Ve
o 1 o
whose magnitude is
1 CO
Myve! crc; | Mol Ml = el¥].

Hence for an arbitrary impedance between the probe electrode
and ground, the admittance probe is linear, provided
[ I S S
[¥| 4m £C

The response time of the probe is limited only by the
bandwidth of the RF amplifier which may be many MHZ, but in
no case can it exceed 1/f. Note that the input resistance of
the probe is infinite so that the probe remains at the float-
ing potential, provided Vf does not change rapidly. If ﬁhe
floating potential has high frequency components, the probe
follows V

f

£ up to a frequency of about
1

¢ 27 RC_ °
O




-6-

Although the probe can accurately measure sheath admittance

at frequencies much higher than fc, the dependence of sheath
capacitance and resistance on probe voltage is rather compli-
cated, and its use as a diagnostic tool is limited to frequen-
cies below fc' If Co is made as small as possible, namely
just equal to the capacitance of the probe cable, fc is the
same as the cutoff frequency for the conventional biased

double Langmuir probe.

Derivation of Sheath Capacitance

An expression for the sheath capacitance of a plane
probe at the floating potential in a Maxwellian plasma was
derived in PLP 61. 1In that derivation, it was assumed
that both ions and electrons respond wi thout appreciable
delay to any fluctuating voltage imposed on the probe. The
results of PLP 61 are stated below and an alternate derivation
for the sheath capacitance is given for the case where the
time variation of potential is too rapid for the ions to
follow. The two cases are divided roughly by the ion plasma
frequency defined as

I / 41rne2 _\/—-_-_3_

fpi = on N 210 n(cm ~) Hz.
Case I (£> f_.): Following a treatment by Crawford and
Grardz, the shgith is assumed to have a thickness x given by

Child's law for a space-charge-limited ion diode:

x =2 =yt G
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ji is the ion current density and V is the potential of the
probe with respect to the plasma. 1If the voltage V has a
time derivative %X ; the sheath edge moves with a velocity
UV 174 av

t
e Q 2
x =3 (57 () v dc -

™
ofrs

This gives rise to a displacement " current

neA € - 1
. . o _ 5 0y, 2e\1/4-1/4 dV
1D = neAX e 2 ( j i) ( M ~) \Y dt ’

where A is the area of the probe. The capacitance is defined

by the relation

dv
ip=Cat
or oy = MR (Ede Ay

For Vivi Vé, ji can be written as

ce 2eV 1_~%

ji = ne [ =1-]
For Vi<ve’ the sheath criteron requires V 0.5 V . Substi=
tuting the above value of J. into the equatlon for C(V) glves

1
V.V I
i

C* (V) =% [e;one]% [

where Vi is the ion energy in eV. In terms of the Debye length,

€
A= o] —2—e& 744 \[——‘&——l—e" cm

D ne n (Cm"'B)

where Ve is the electron energy, the capacitance is
e A

\ 1
1 e 3 )
=[§(W)] AD.
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An encouraging feature of this equation is the fact
that the capacitance varies slowly with ion energy and
probe potential, i.e., inversely as the fourth root. Hence
one expects that an admittance probe would be well suited
for measuring density in the presence of fluctuating plasma
potentials.

In the usual application, the probe is operated at the

floating potential, in which case
V M

= 1 e
V= 2 Ve 10ge (V*m) ’

where V¥ is the electron or ion energy, whichever is great-
er. For Vi > Ve, the expression for the capacitance of a

probe at the floating potential is

: 2ve ]1 s €A
vi loge (VeM/Vim) AD

c=1

We now restrict discussion to a hydrogen plasma and con-
sider two examples:

Example 1: V, =V _=E,

Numerically the capacitance is
C = .36 o £ =43X10'5£x£9ﬁ2___£__1 "\/ncm'BpF
AD + E(eV) |

The sheath capacitance of a l cm2 probe is plotted as a func-

tion of n and E in figure 2.
Example 2: Vi = 40 eV, Ve = 10 eV.

These values are characteristic of plasmas in the octupole.



“Qa
Numerically,
e A - / -
C = .265 73== =1.0 x 10 > A (cmZ) n(cm 3) pF.
D
This result is plotted as a dotted line in figure 2.

Case II (f <<fpi): In PLP 61, an expression was derived
for the sheath capacitance assuming that both ions and
~electrons respond to variations in probe voltage without

delay. The central result of PLP 61 is stated below:

\Y
3
(; + V) - 3 exp(-V/V ) € A

c(v) = T ‘

2[(—-—-)( 1)z -(——+2>] b

The same two examples as treated above are now considered.

Example 1: V, =V = E.
i e

For a floating probe, the potential is
V=3E 1oge (%% = 3.76 E.
Numerically, the sheath capacitance becomes

A

2 3
C= .27 9 _3.95x100 Alem) Vn(em7) pF.

Ap * .JEieVS

This result is about a factor of ten smaller than that given

in PLP 61, indicating a numerical error in that derivationm.
The corrected graph of C vs n for various energies is given
in figure 3. This low value of capacitance means that it

might be difficult to find a frequehcy for which

EE<<(°<< ‘”pe.
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If this condition cannot be met, the admittance probe cannot
be expected to give an accurate measure of the sheath capaci-
tance.
Example 2: Vi = 40 eV, Ve = 10 eV.

For a floating probe, the potential V is

VM

Ve loge ( V: m
The sheath capacitance is

C = .41 ZoA _ 1.55 x ],O”5 A(cm?) 'Vn(cm_S) pF.

*p

Again this is smaller than the values derived in PLP 61. It

V = ) = 30.7 eV.

N

is plotted as a dotted line in figure 3.

The results of the two cases considered are summarized

below
Sheath Capacitance Ti = Te = E Octupole
hase T (f > £ .) .36 .265
pl

fase 11 (L << £__ ) 27 L4T

s

- SOA
where capacitance is measured in units of .

D

In the octupole case, we expect the capacitance to be some-
what greater below the ion plasma frequency than above it. 1In
an experiment by Crawford and Grard,2 the capacitance was obser-
ved to be constant down to 0.2 fpi’ suggesting that RF ion mo-
tions are negligible, inclining us toward case I. Furthermore,
since the sheath resistance almost certainly dominates the
sheath capacitive reactance at the ion plasma frequency, case 1

is the more important for the admittance probe.
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PRACTICAL CONSIDERATIONS

We now consider how the admittance probe might be applied
to measurements in the octupole and some of the problems to
be expected. First we ask what is the optimum size and shape
for the probe electrode. If the probe area is too small, the
admittance will be too small to measure. If it is too large,
the plasma will be appreciably perturbed. A convenient com-
promise is about 1 cmz. The shape of the electrode will be
considered later, |

For a 109 cmﬂ3 plasma, the capacitance of a 1cm2 probe is
expected to be about 0.5 pF and the resistance about 10 Ka .
If Co is made equal to the capacitance of the shielded cable,

or about 100 pF, the requirement that Cj << 2C is easily

satisfied. The requirement thatR>>47TéC is satisfied to
within 10% down to a frequency of 800 °KHz. Since the ion
plasma frequency at 109 cmm3 is about 7 MHz, there exists a
considerable range over which the sheath resistance can be ac-
curately measured. The electron plasma frequency at this den-
sity is about 280 MHz.

As the wavelength of the bridge oscillator approaches
the electrical length of the probe cable, the cable can no
longer be treated as a lumped capacitance and it is difficult
to balance the bridge. This problem can be overcome by sub-
stituting an identical length of cable for one of the other
capacitors in the bridge. Alternately, the output of the AM
detector can be fed into the AC input of an oscilloscope to
subtract off the residual signal level. A 1 meter cable is one

wavelength long at 200 MHz.
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Because of the many factors which influence the overall
gain of the system, the probe is best calibrated by attach-
ing known capacitors from the tip to ground and measuring
the corresponding output voltage. At low frequencies a re-
sistor can be used for calibration, but since most resistors
have a few tenth of a pF parallel capacitance, this method
is inaccurate at high frequencies. For capacitors less than
about 10 pF, the graph of C vs V should be approximately lin-
ear. A calibration curve for an admittance pfobe operating
at 4 MHz is shown in Figure 4. The deviation at low capaci-
tance is caused by stray capacitance which was estimated to
be about 0.5 pF. The deviation at the other end of the curve
is caused by the fact that C/2CO is no longer negligible. 1In
the range of interest (C<5 pF), the overall gain of the system
is 0.34 volts/pF.

When sheath admittance is measured as a function of fre-
quency, the circuit must be recalibrated at each frequency.
This is most easily done by adjusting the RF generator volt-
age V_ to give some simple relation such as 1 volt/pF. Then
the sheath admittance is found by multiplying the voltage by
27f x 10512. To avoid continually removing the probe from the
tank, the calibration capacitor can be placed in the bridge
circuit.

One must be careful that the PF voltage at the probe tip
does not become comparable to the plasma energy expressed in

eV. If this happens, a rectifying action takes place, and
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the probe is shifted from its regular operating point at the
floating potential. The probe voltage swing is approximately
one half the peak-to-peak level of the RF generator, which

is typically a few tenths of a volt. If the level is too
low, the sensitivity will not be adequate and fluctuations

of V. may interfere.

f
The admittance probe can be used as a diagnostic tool
in either of two ways: 1) at low frequencies, the output
is proportional to the sheath conductance which varies lin-
early with the density n, or 2) at high frequencies, the
output is proportional to the sheath capacitance which
varies like the square root of n. The former is better

for dense plasmas and the latter for tenuous plasmas. The
low frequency case is a more sensitive function of n, while

the high frequency case has better time resolution. 1In the

octupole, either case should work.

Extension to Cylindrical Geometry

The most serious disadvantage of the admittance probe in
tenuous plasmas is that planar geometry is achieved only by
making the probe area very large. At a density of 109cm“3
in the octupole, Ap = 0.7 mm, and the capacitance sheath
thickness is about 2 mm. Hence for a plane probe of 1 cm2
surface area, the fringing effects cannot be ignored.

In practice, it is usually more convenient to use a
cylindtical probe which is many Debye lengths long and

recalculate the sheath resistance and capacitance in cylin-
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‘drical geometry. Unfortunately, the detajled calculation

of the capacitance is difficult and requires numerical methods.
If the sheath thickness does not become too much larger than
the probe radius, r, to a good approximation the sheath thick-
ness for the cylindrical case is the same as for the planar
case, and we can apply the standard equation for a long cylin-
drical capacitor:

_ 2mzo’“ _ 5550 (cm) ¥
~ log [(r+d)/r] = log[(r+d)/r] P

C

Choosing a probe size of 1 cm long x 3 mm diameter gives a
surface area of about 1 cmz. The capacitance that one pre-
dicts for the two cases previously discussed is plotted as
a function of density in Figure 5. It is clear.that the
capacitance variation is greatest at high densities, and a
cylindrical admittance probe measuring capacitance is a poor
diagnostic tool at low densities.

The sheath resistance calculated in PLP 61 is given by:

Ve [2riy}
R = ——

eV, .
neA i
The area A which appears in this equation is the effective

ion collection area of the probe. Several theories with _
varying degrees of mathematical complexity have been suggest-
ed3 to determine A in cases where the sheath thickness is
comparable to the probe radius. For our purposes it is pro-
bably a sufficiently good approximation to assume that the

collecting area is given by
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A=27 (r + AD‘)ﬂ
or in the case of the previously considered probe dimensions,
4
1.57 x 10

cm .

Using this value of A, the sheath resistance for a cylindrical
probe 1 cm long x 3 mm diameter in the octupole can be calcu-
lated from the expression,
_ 1.6 x 1013
n(cn”>)A(cm?)

R ohms .
This resistance is plotted as a function of density in Figure 6

for the cylindrical and planar cases.

Experimental Results
- To test the predicted behavior of the plasma sheath, the
quiescent plasma present in the octupole between 200 and 1000usec
after the gun discharge was used. The center of the machine
(p= 0) was used for all tests because the density is large
and the magnetic field is zero there. The density at these

times is in the 108

- 109 cm-3 range, and the potential and
density fluctuations are very small. Tests were made with
the admittance probe at port 8 (© = +50°), and with a single
Langmuir probe of similar dimensions operating at saturation
jon current at port 4 (@ = +147°). The Langmuir probe served
as a monitor to record density variations from shot to shot.
A General Radio Bridge Oscillator (Type 1330-A) provided

the RF signal which was fed to the bridge through a Pulse
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Engineering (PE5158) pulse transformer. The bridge output
was fed to a x100 wideband amplifier (Los Alamos design) and
then into a parallel LC circuit with a Q which ranged between
10 and 100. The output was read directly as a modulated RF
signal rather than as a detected signal to improve the fre-
quencyAre5ponse and simplify calibration.

The first test was to measure the sheath impedance as a
function of frequency. This was done by varying the frequency
of the bridge oscillator, adjusting its amplitude to give 50
mvolts deflection for a 5 pF standard capacitor at the probe
tip. Then the sheath admittance is giﬁen by

12. ¥
) o

where Y is in mhos and V in volts. The results are plotted in

M| = 2¢ £(5 x 10~

Figure 7 in terms of |Z| = 1/'Y . The points were taken at
times for which the density is the same, as determined by the
Langmuir probe. At 200 KHz, 1/41'fCOf 4K  which is not small
compared to the 12K sheath resistance, and hence below 200 KHz
the points are inaccurate because the bridge is non-linear.
The impedance appears to be approximately constant out to
about 10 MHz where it falls sharply. The solid curve shows
the calculated impedance of a parallel RC circuit with R=12K%
and C=2.3pF. Within the experimental error, this curve repre-
sents a good fit.

From the Langmuir probe data, the density in Figure 7 was

calculated as 3.3 x 10-8cm_3. Because of the uncertainty in



-17-
jon velocity and distribution, and the difficulty of estimating
the effective ion collection area of the probe when the

sheath is thick, this value may be off by as much as a factor
or 4., At 3.3 x 108cmu3, the calculated sheath resistance is
about 40K and the sheath capacitance is about 0.5 pF., Both
values differ from what is observed with the admittance probe
by a factor of 4, suggesting that the Langmuir probe may be
reading low. From the Langmuir probe data, the ion plasma
frequency is calculated to be 3.8 MHz. The sheath capacitance
appears to become important at frequencies slightly above the
jon plasma frequency. No sign of a resonance is seen up to

30 MHz indicating that the electron plasma frequency is at
least that high.

It was hoped that it would be possible to carry out
admittance measurements up to at least the electron plasma
frequency (~ 160MHz), but the difficulty of making a bridge
work properly above 30 MHz was greater than anticipated.
Besides, the phenomena that occur near the electron plasma
frequency are not directly related to sheath properties and
hence are outside the scope of this paper. These studies
will be continued at a later date if time allows.

To test the feasibility of using the admittance probe
as a diagnostic tool, the output voltage at a frequency of
300 KHz was compared to the saturation ion current of the
Langmuir probe. Since the output voltage is proportional

to the reciprocal of the sheath resistance which is propor-
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tional to the density, we expect the output to be a linear
function of the Langmuir ion saturation current. Since the
probes are of similar dimensions, the sheath expansions
should be the same and thus not effect the comparison. Figure
8 shows the result. The experimental points were taken at
100usec intervals and lie very well along a straight line. The
slight deviation at low densities may be due to unequal sheath
sizes. An embarrassing feature of this curve is the fact that
it does not extrapolate to zero. This may be the result of a
baseline shift caused by ground loops in the Langmuir probe
circuit (The admittance probe is not sensitive to this.),
or by some kind of unbalance in the bridge circuit.

It was hoped that a comparison between the admittance
and Langmuir probes could be made at frequencies where the
sheath is purely capacitive. The capacitive variation, how-
ever, was so slight (10% over a density change of 300%) that
this could not be done. The slow variation in capacitance is
-consistent with the logarithmic variation expected for cylin-
drical geometry.

Finally a test was made to see how sensitive the admit-
tance probe is to changes in floating potential and to measure
its response time. A 100 volt square pulse was applied to
the hoops for 10 usec. Experiments have shown that when this
is done, the plasma potential at the center of the machine

changes by about 50 volts. With a positive pulse, the admit-
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tance increases about a factor of 3 at 1 MHz and returns
to equilibrium in about 10 psec. Negative pulses gave
similar results.

Wé now summarize the results of the above experiments:

1. The parallel RC circuit is a good representation of
the plasma sheath, at least up to frequencies ten
times the ion plasma frequency.

2. The sheath admittance appears to be about a factor
of 4 smaller than predicted theoretically, but this
may be due in part to errors in determining the
plasma density.

3. The sheath resistance is very nearly proportional
to the reciprocal of the density as measured by

8 _10° 3

Langmuir probes, at least in the 10
range.

4, The admittance probe is as good a diagnostic tool
as the single Langmuir probe, its major advantage
being the fact that it will operate over a very
wide range of plasma potentials, provided the poten-

tial changes slowly with time.

Octupole Hoop Displacement
An interesting application of the admittance probe is
the measurement of the hoop displacement in the octupole when
the magnetic field is pulsed. If the admittance probe is placed

very near a grounded hoop and the field is pulsed without
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plasma in the machine, the hoop-to-probe capacitance will
change as a function of time if the hoop moves relative.to
the probe. This varying capacitance will produce a modu-
lated RF signal which can be detected in the usual way.

A more convenient method, if high sensitivity is not
required, is to apply the RF signal to the hoop, eliminating
the need for a capacitance bridge. The modulated RF signal
is then detected and fed into the a.c. input of a high gain
scope preamplifier.

If a probe with a large blunt end is brought near the
hoop, the geometry is approximately planar and the capaci-
tance is expressed as C = %ﬁ— where A is the area of the
probe end and § is hoop/probe separation. If { changes with

time, the capacitance changes according to

A
dc _ %o dn
dt 2 dt )
Integrating with respect to time gives
e A
o )
€ = - s = ~-C .
Al 2

Since C«< 200 pF, the output of the admittance probe is
proportional to C or

sv - - vk

This relation is true, of course, only for &4 << 1.
Figure 9 shows the output signal of an admittance probe
located about 1 mm above the top outer hoop at the rod port,

before and after detection. A careful analysis of the unde-
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tected signal shows that 6V/V = 5% . Hence the amplitude of the
hoop displacement is apparently about 0.05 mm at the rod port
for 2KV on the multipole capacitor bank. The detected signal
shows the detailed structure of the displacement‘e(t) which
resembles a damped sine wave of period slightly greater than
10usec, and decay time of about 25 iksec. The lower trace

dB , Oobtained

dt
from the single turn link around the transformer core. The

is the time derivative of the multipole field

third picture shows the hoop displacement with 1 KV on the
multipole bank. With the present 100 Hz field period, the
hoops are driven very near their natural resonant frequency.
When the admittance probe is used in this way, two words

of caution are in order. The cables from the probe to the
scope tend to produce piezoelectric signals when they are
shaken. Hence they must be placed in such a way that vibra-
tion from the multipole does not affect them. The probe
jitself is also subject to vibration. At the rod port, this
effect is not too serious, but in cases where a probe extends
all the way across the vacuum tank, some effort must be made

to steady it.
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